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Abstract: Graph labeling is a significant area of graph theory due to its wide range of theoretical and practical
applications. Recently, Kumar et al. introduced the concept of Farey graceful labeling based on the Farey

sequence, which consists of reduced rational numbers between 0and 1 arranged in increasing order. In Farey
graceful labeling, vertices of a graph are assigned distinct terms of the Farey sequence such that the induced
edge labels satisfy prescribed conditions. This labeling scheme was shown to exist for several classes of graphs,
including paths, cycles, hairy cycles, caterpillar graphs and super caterpillar graph. In this paper, we extend the

study of Farey graceful labeling to additional families of graphs. Specifically, we prove that the w graphs,

double wheel graphs D, graph obtained by switching of vertices of cycle, admit Farey graceful labeling. The
results presented in this work contribute to the growing literature on rational graph labeling and open new
directions for further investigation of Farey-based labeling techniques.
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Introduction central vertex to all the vertices of a cycle. A
Graph labeling has been an important and double wheel graph is a natural extension of
interesting topic in graph theory for many this idea, where a single hub vertex is joined to
years, mainly because of its theoretical two disjoint cycles. These graphs appear
importance as well as its practical usefulness. frequently in network design and other applied
In general, a graph labeling means assigning areas and therefore their labeling properties
numbers or other mathematical objects to the have attracted attention from many authors
vertices or edges of a graph in such a way that Harary (1988), Acharya (1983). Several
certain conditions are satisfied. Many different researchers have studied graceful and other
types of graphs labelings have been introduced labelings of wheel-related graphs and obtained
over time and a large amount of literature is interesting results, Bloom and Golomb (1977),
now available on this subject in Gallian Yilmaz and Cahit (2010).

(2023). One of the earliest and most well- In recent years, researchers have started using
known labeling schemes is graceful labeling, ideas from number theory to define new graph
which was introduced by Rosa (1967). After labeling schemes. One such labeling is Farey
this, several new variants such as harmonious, graceful labeling, which was introduced by
cordial and arithmetic labelings were studied Kumar et al. (2024). Based on this labeling
by different researchers. further interesting work was carried out by
Wheel graphs and their related structures form Kumar et al. (2024), Kumar et al. (2024),
an important class of graphs because of their Kumar et al. (2024), Kumar et al. (2024),
simple definition and symmetric structure. A Kumar et al. (2025). This labeling is based on
wheel graph 7 is obtained by connecting a the Farey sequence, which consists of reduced
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fractions between 0 and 1 arranged in
increasing order. In Farey graceful labeling,
distinct Farey fractions are assigned to the
vertices of a graph and edge labels are
obtained from the absolute differences of these
fractions. This approach creates a nice
connection between graph theory and classical
number theory.

Another important aspect in graph theory is
the study of graph operations and
transformations. Vertex switching is one such
operation in which the adjacency relations of a
selected vertex are altered. This operation
often changes the structure of the graph and it
may also affect the labeling properties. Some
work has already been done on the effect of
switching on different graph labelings Seoud
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Although Farey graceful Tabeling has been
defined and studied for some basic graph
classes, its behaviour on wheel graphs, double
wheel graphs and graphs obtained through
vertex switching has not been studied in detail.
This gap in the literature provides the
motivation for the present work. In this paper,
we attempt to study Farey graceful labeling of
double wheel graphs, W graphs and graph
obtained by switching of vertices of cycle. The
results obtained in this work add to the
existing knowledge of Farey graceful labeling
and may be helpful for further research in
number-theoretic graph labelings.

To enhance the understanding of the results
presented in this paper, the following relevant
definitions are provided.

and Salim (2007), but many questions still
remain open.

Definition 1.1. A Farey sequence, Burton (2010) £ of order 7, for ”E N, is defined by the set of

I
— = . . - .
numbers m = & with 0 =/ <m = and L are co-prime placed in increasing order.

Definition 1.2. If an injective function ¥ is defined on G with number of edges # such that ¥ F—F 1,

where Fu=1 represents the Farey sequence of order 7+ 1 and bijection ¥ :E—+{1.2.3.....m} defined
R A P

by‘{* {A—IE) =lerdy—ead|

A (2024).

Definition 1.3. A double wheel graph, denoted by D7, is a graph obtained from two cycle graphs i

is induced, then labeling of graph is called Farey graceful labeling, Kumar

together with a single central vertex &1. Represented as DIW=2CK;. The graph is constructed by

taking two cycles, each of length / and adding one common central vertex. This central vertex is then
connected to every vertex of both cycles. Thus, the resulting graph consists of two concentric wheel-
like structures sharing the same hub and hence it is called a double wheel graph, Zhang (2015).

Definition 1.4. The -graph, denoted by ”J, is a graph constructed using two ladder graphs L1,
where 721, together with a cycle graph €3. To construct ”J, first take two copies of the ladder graph
Ly+1. Let 91 and 1 be the end vertices of the two ladders. Join these two vertices by an edge. Then
add a new vertex and connect it to 41 and X1. As a result, the vertices 41, *1 and the new vertex form a
triangle which is a cycle graph €3. Hence, the graph obtained by combining the two ladder graphs

through this triangular connection is called the FF-graph W

Definition 1.5. Vertex switching, Ellingham (1991) is a graph operation in which the adjacency of a
chosen vertex is modified. When this operation is performed at a vertex ¥, all edges incident to v are
first deleted. After this, new edges are introduced between ¥ and those vertices that were not adjacent

to it earlier. In this way, the neighbourhood of the vertex ¥ is completely altered while the rest of the
graph remains unchanged.
In the following section, we will discuss the applicability of this labeling to several classes of graphs.
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2. Results
According to the Definition 1.2, the subsequent findings are obtained.

Theorem 2.1. All double wheel graphs D7 are Farey graceful for /=4,

Proof. Clearly, |E(DT)|=4=m_|et B, be the 7 vertex of the inner cycle of the double wheel graph,
4. be the 7 vertex of the outer cycle and z be the central vertex. The proposed labeling scheme
considers two scenarios depending on whether / is odd or even. Define: ¥: LD} —F,.1 by,

Case 1: When / is even, /=4

0
2=
( }i_ &if ris odd, 19r=/-3
::::j: . &ifr is even 2=r<—2
HPn)= a
P Saf r=1-1
472
L 4-1

. &ifr=]

( 414
43
~+r

mz &if » ISO{:‘T{:‘T:EEF‘i -3

3-1-r
33_}‘} . &ifris even, 2=r=/-2
41 .
T= &ifr=1-1

2] .
\ T &ifr=1]

. &ifr=1

x(g,)=1

Case 2: When ! is odd, /=5

0
yits ]
( }i_l &ifr is odd 1=r</-2
4H+1-r
. &af ris even2=r=/-3
4j+2-r
Kp)= 2] o
ﬁ: &at r=—1
2+4 .
\ 7= Saf =]
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[ 4 e
m= &af r=1
2H2+r
1 3 1 e [—
P E— Scifr is odd 3=r<i-2
x(g,)= 2 &if ris even, 2=r=/—3
AR m I'15 eVEN, L5
32 ,
ﬁ= ifr=-1
2+
\ 23 Saf r=]

The function ¥ of vertices induces the bijective function ¥ “E(DW1)—{1.2.3....m} of edges defined

by X &%) Sladradl | Figure 1, the graph with /=16(even) DWi¢ is labeled using the
function ¥ with vertex labels as shown in the figure, the induced edge labels for the edge set
{op.pacps.2;at are 1135131 for {gudhagiadio....gaght  are 14.6.8...26}  for
s 2mt are 147495159} for {23.79s....7qvat are {19.21....29} for
{zhazgra....zgpt are 133.35,_45%, for iDuapvabiab...oi are 134.36.38..58} also for the
edges 15 d2.Pral.q e dad .q G628 S P P1eZP1e S8 5.2P15 the induced edge labels are
2.15,17.28 30,31,32,60,61,62,63 64 respectively. It can be observed that all the numbers from the set
{12364} where, 64=4/=m. are covered for the edge labels, so, by the definition of Farey graceful
labeling PP« admits Farey graceful labeling.

In Figure 2, the graph with =15(edd), D35 is labeled using the function ¥ with vertex labels as

shown in the figure, similarly as in D¢, the set of edge labels using the function % in this graph is

{1.23....60}, where, 60=4=m, 50, by the definition of Farey graceful labeling 21+ also admits
Farey graceful labeling.

Analogously, using the given formula D can be proved Farey graceful for any /=4. Hence, the
labeling ¥ is a Farey graceful labeling of D,

@ 3 60
64 ]

10

Fig 1: Farey Graceful labeling of DWig
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Theorem 2.2. All 77 graphs are Farey graceful for /S N,

Proof. The graph w is constructed using two ladder graphs and a cycle graph. The cycle graph is
obtained by joining the vertices of the two ladder graphs. The vertices on the left of the left ladder are

represented by &r, vertices on the right of the left ladder are represented by 4r, vertices on the left of
the right ladder are represented by *- and vertices on the right of the right ladder are represented by ¥».
Additionally, a new vertex W is introduced and connected to the vertices 1- andxy, The graph w

contains 47 + 5 vertices and 6/+5=n edges. Define: 7 V(77 )—Fu-1 by,
0
ro)=1

1p1)=>

3.3
3irsT5r 3=r=l. [ is an odd number
"il:p"j_aj,_ﬁ 3 7 be an odd number End[EE.a‘Ef +1, [ is even number
Tl
35— L‘ ;
(p)= 2" be even number and 2=r<i+1, lis an odd number
K\Pr 3 - 2=pr=]. |is even number
33_5 - 1-5'}1 :
o=
xaq)= 55
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35T 3=r<]. ] is an odd numbe -
e =r<l, I is an odd number
7(r) 3= 13 3 }j I be an odd number and [EE}‘i +1, { is even number
T 7
3
« ]:3‘?_1_?11 ¢ be even numbﬂmd{iﬂi‘if—LFfsanaa’a’mtmbe?'
ke 3J40+ }.: 2=l [is even number
7
6537 1<, ] dd numbe
= 2 2 ==, lis an odd number
¥(x) —5,;'_ 573 }1= r be odd number wd[]-:_:;-:: "1 7 is even mumber
77
1+57 L . !
i e 2 ] 2=r<j+1, 1 is an odd number
75} - 3 - T be even number a_ud{ =<l ] is even mumber
7
3_3’1' 1<r<d, | dd be
fn N2 2 <r<l, | is an odd number
10z 5, 3},= r be odd number and {liﬁi +1. ] is even number
77
3
w0 J:ﬁﬂ_ﬁ_ir ¢ be even number and 1251“: +1, lis an odd number
Iy 5];_?_3},: 2=l iz even mumber
)

The function ¥ of vertices induces the bijective function £ E(W)—{123....m} of edges defined by

X &%) =|Cla5_czdll. In Figure 3, the graph with /=7, " is labeled using the function ¥ with
vertex labels as shown in the figure, the induced edge labels for the edge set 14:9%.6194.9445.--.G7dx |
are 13.65...18} for {PiguDads....Prgst are 15.8.11...20% for {papsDabs... Db} are
{7.10...19},  for {xavexmyr....awt are 123.26.29. 44} for DV et are
124273042} for {xevsxoxs...ooxit are  §25.2831...43} also for the edges
QX1 P3P 4191 L2 12X 11191919 XY the induced edge labels are 1.2.4.21.22.44.45.46.47
respectively. It can be observed that all the numbers from the set 11.23.....47}, where, 47=6/+5=m,
are covered for the edge labels, so, by the definition of Farey graceful labeling 7 admits Farey
graceful labeling. Analogously, using the given formula i can be proved Farey graceful for all /€N,
Hence, the labeling ¥ is a Farey graceful labeling of W
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Fig 2: Farey graceful labeling of W’

Theorem 2.3: When any arbitrary vertex in a cycle is switched, the new graph formed can be
effectively assigned labels following the Farey graceful labeling.

Proof: The set of vertices of Cn be {¥....V......v. } and WLOG assume that the vertex Yo is switched.

The generated graph consists of number of edges 2#—3=m and the vertex labeling function ¥: F—Fu
can be defined as:

Case 1: When 7 is even,
0
wv)= 3

_(_.}_}?—2
L g

23

— . & is even
)= 2n—i—2
i—)

. &iisodd
i—1

x(vi

Case 2: When # is odd,

0
1 }:T
3
7V, }_E
—i—2 N
1 &i is ever
TN F o
7(vi) i3
— . &iisodd
nri—2

The function ¥ of vertices induces the bijective function % -E—{1.2.3.....m} of edges defined by

y 22 =|eydh—cad)
X (n‘l'n‘:) ledeadt] | Figure 4, the graph with 7=20(even), graph obtained by switching the
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vertex of Czr is labeled using the function ¥ with vertex labels as shown in the figure, the induced
edge labels for the edge set {VigWizVigVizVitVig---Vaar  are  1246...34% for
ovavovs,vovr.... vavint are 11.3.5....15%, for {vovisavisVoVis.---Yovat are {19.21.23, 35} also
for the edge Y12 the induced edge label is 17. It can be observed that all the numbers from the set

{1.2.3.....35}, where, 35=2n—3=m, are covered for the edge labels, so, by the definition of Farey
graceful labeling this graph admits Farey graceful labeling.

In Figure 5, the graph with 7=1%(edd), graph obtained by switching the vertex of C1s is labeled using
the function ¥ with vertex labels as shown in the figure, similarly as before, the set of edge labels
using the function ¥ in this graph is §1.2.3.-...33}, where, 33=2n—5=m, so, by the definition of Farey
graceful labeling this graph also admits Farey graceful labeling.

Analogously, using the given formula any graph obtained by switching the vertex of a cycle can be

proved Farey graceful. Hence, the labeling ¥ is a Farey graceful labeling.

3. Applications of Farey graceful labeling contributes to the expansion of known Farey
Classification of Graph Families graceful graph families and strengthens the
An important application of Farey graceful theoretical foundation of graph labeling.
labeling is the classification of graphs. e Contribution to Graph Labeling Theory
Establishing that a graph admits Farey Farey graceful labeling extends the classical
graceful labeling allows it to be categorized concept of graceful labeling by incorporating
within a broader class of labeled graphs. This ideas from number theory, particularly Farey
approach is particularly useful for structured sequences. This interaction opens new
graphs such as ladder graphs, wheel graphs research  directions in generalized and
and double wheel graphs, where labeling fractional labeling schemes and contributes to
techniques  reveal their  combinatorial the development of advanced labeling
behaviour. techniques in graph theory.

Construction of New Farey Graceful e Educational and Mathematical Significance
Graphs From an academic perspective, Farey graceful
Farey graceful labeling supports the labeling serves as a valuable example of the
construction of new graphs from existing ones interplay between number theory and graph
through operations such as vertex switching, theory. It is useful for teaching advanced
edge subdivision and graph extension. In many topics in discrete mathematics and motivates
cases, these operations preserve Farey graceful further research on rational labelings of
properties under suitable conditions. This graphs.
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Fig 4: Farey graceful labeling of graph obtained by vertex switching of C2o
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Fig 5: Farey graceful labeling of graph obtained by vertex switching of €19

4. Future Research Directions of Farey
Graceful Labeling

Farey graceful labeling is a relatively recent
and evolving area in graph labeling theory.
Although several classes of graphs have been

shown to admit Farey graceful labeling, many
theoretical and applied aspects remain
unexplored. The following directions suggest
promising avenues for future research.

a. Characterization of New Graph Families
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One important direction is to identify and
characterize broader classes of graphs that
admit Farey graceful labeling. These include,
Product graphs, Graph powers, Subdivision
and expansion graphs, Vertex-switched and
edge-switched graphs. Establishing necessary
and sufficient conditions for Farey graceful
labeling remains an open and challenging
problem.

b. Farey Graceful Labeling under Graph
Operations

Further work can focus on the behaviour of
Farey graceful labeling under standard graph
operations such as, Vertex switching and edge
switching, Graph union, join and corona, Line
graphs and total graphs. Studying the
preservation or transformation of Farey
graceful properties under these operations may
lead to general labeling theorems.

c. Algorithmic and Computational Aspects
The development of efficient algorithms to
determine whether a given graph is Farey
graceful is an important research direction.
Future studies may address Polynomial-time
algorithms  for specific graph classes,
Computational complexity of Farey graceful
labeling, Automated generation of Farey
graceful labelings for large graphs. These
studies would enhance practical usability and
computational understanding.

d. Extensions to Directed and Weighted
Graphs

Another promising area is extending Farey
graceful labeling to, directed graphs, weighted
graphs, Signed graphs, Fuzzy graphs. Such
extensions could significantly broaden the
applicability of Farey graceful labeling in real-
world modeling.

e. Applications in Network Science and
Engineering

Future research may explore practical
applications of Farey graceful labeling in,
Communication and  sensor  networks,
Frequency assignment problems, Secure data
transmission, Load balancing and optimization

DOI: https://doi.org/10.51220/jmr.v21-i1.11 30\
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gap between theoretical graph Tabeling and
applied network design.

5. Conclusion

This paper presents new results on Farey
graceful labeling for specific classes of graphs.
We have shown that the W-graph admits a
Farey graceful labeling through a systematic
construction that ensures the uniqueness of
induced edge labels. This result extends the
applicability of Farey graceful labeling to a
previously unexplored graph structure.
Additionally, we proved that the double wheel
graph and graph obtained by vertex switching
of cycle are Farey graceful by assigning
appropriate Farey fractions to their vertices
and verifying that the induced edge labels
satisfy the defining conditions. This
demonstrates that Farey graceful labeling can
be achieved even in graphs with intricate
cyclic and radial configurations.

The results obtained in this study broaden the
class of graphs known to admit Farey graceful
labeling and contribute to the theoretical
development of graph labeling. These findings
open avenues for future research on Farey
graceful labeling under other graph operations
and for more complex graph families.
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