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ABSRACT

In this paper we establish a fixed point theorem fora system of transformations satisfying 
va general contractive inequality of integral type on product spaces. Our results generalize the fixed 
poi nt theorems of Rhoades (2003) and Branciari (2002).
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INTRODUCTION

In a recent paper Branciari (2002) obtained a fixed point result for a single mapping 

satisfying an analogue of Banach’s contraction principle for an integral type inequality. 

Rhoades (2003) extend the result of Branciari [op.cit.] by proving two fixed point, theo­

rems involving more general contractive conditions and further Vijayaraju et.al. (2005) 

extend the results of Rhoades [op. cit.] for two maps by establishing a general princi­

ple. On the other hand Matkowski (1973),(1975) gave an important generalization of 

Banach contraction principle for a system of transformations on finite product of metric 

spaces. This result has been extended and generalized by Baillon-Singh (1993), Czerwik 

(1976), Gairola et.al. (1995),(1997), Matkowski-Singh (1996), Reddy-Subrahmanyam 

(1981) and Singh et.al. (1994),(1991),(1995), (1986). The purpose of this paper is to 

extend and unify the results of Rhoades (2003), Branciari (2002) and Matkowski (1975).

Throughout this paper we generally follow the notations of Matkowski ((1973),

(1975))(see, also Singh-Gairola (1991) and Singh-Kulshrestha (1986).
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Let Oik be non-negative real numbers, i,k  =  1, and (c[^) be a square matrix 

with € R (set of real numbers),*, fc =  1, Define the sequencfe of matrices 

(cj£)as follows:
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< S * { s . : t t a - u » i  ( u )

_  f cn c<+l,*+l+ci+ l,lcl,k+l > * ^ fe / ,  n\

ik t 4 i cm .fc + i_c< + U ci,fc+i • *“ *  ’ ' ‘ '

< * 0 , 1 , -  2;t, J k « l , ..., 1-
Evidently,(c^) is an {n - 1) x (n - 1) square matrices, ;

The following lemma is essentially due to Matkowski (1975) (see, also Czerwik (19^6)

and Singh-Kulshrestha (1986)).' v  /
LEMMA1.1. Let (cjĵ ) > 0 for i, k ~  1 , n , n >  2, then the system of inequalities

n
^ / aikr k < r i , i = l , . . . , n .  
k- 1

has a positive solutions r lt r2, ..., rn if and only if the following inequalities hold
- j

< ff> 0 ,t- 0 ,l , . . . ,n - l;  i =  1,...,n- 1, (1.3)

Let (X i ,d i), i  =  1 , n be complete metric spaces.

X  := X i x  X 2 x ... x X n-,

x := (3?i,...,xn) , x € X',

xm := (x ? ,...,x ” ) , m€ i V  = { 1,2 ,...}.

2. RESULT

Now we state our main result.

THEOREM  2.1. Let {X ^d*) be complete metric spaces and : X  —► X<,i =  1, ...,n. 

If there exists non-negative real numbers 6 < 1 and a**, i, k =  1,..., n such t&at

/■di{SiX,Siv) f JL  r<ik{xk,Vk) rm{x,y)
J  (p(t)dt <  max < Y  ajk J  tp(t)dt,b J  tp{t)dt> (2.1)
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rd i(44+1)/•nisi* ™ ;
I  tp{t)dt < V  / <p(t)dt. (2.8)

Jo o

Using (2.5) and (2.8) ,

r [Sixn,Sixm) w
<p(t)dt< V V r *  (2.9)

Taking the limit of (2.9) as m, n -»oo, it follows that {x-5} is a Cauchy seqtfericfc, hence 

convergent, since X> is complete. Call the limit u,-. From (2.1)

/di{SiV,SiXm) (  »  M u k J ? )  1
ip(t)dt < max 12J  °i* J  tp(t)dt,b J  <p(t)dt>

x?) = max {di{uit 5<u), di{x?, SiXn ), [di(x™, 5<u) + d<(Sjim, u<)] /2}. 

Letting m - *  oo

r
(5<tii,Utf) rM S i  ty,vt)

<p(t)dt < b  I  
Jo

which is a contradiction. Hence Sjit = tt,r , i  = 1 Now we shall prove the 

uniqueness of u<. Let there exists some Wi € X i and 5<ui = ti)<, t = 1,..., n. Then using 

(2.1)
rdk{<H, t«() ydj (Si»,Sjui)
I  <p(t)dt < b  I  tp(t)dt

Jo Jo

{
n rmi(u*,«><) ^

J o y>(<)di j

{
” /•<**(«*,«>*) M M )  I

^ J o  y0 ¥>(*)<& j  (2.10)

< max <

<  max'

Once again we can assume that

M\n,v>j)
/ ¥?(*)*<*•*, t = l,...,n,
Jo

then from (2.10)

o
/ y?(t)<ft < Afj, i = 1, 

Jo
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Inductively

<p{t)dt <  Amr f
i

Implies that Ui =  i = 1 , n, which completes the proof.

REM A RK  2.1. In Theorem 2.1, if we take n = 1, a<* =  on =  k and 0  =  max{fc,6} 

then we have the Theorem 2 of Rhoads (2003) as a special case. Rirther if we take 

<p{t) =  lwe get theorem of Ciric (1971).

REM A RK  2.2. In Theorem 2.1, if we take b =  0 and <p(t) =  1 then it becomes the 

Matkowski’s contraction (1975).

REFERENCES
Baillon J.B. and Singh S.L. 1993, Nonlinear hybrid contraction on product spaces, Far East J.Math. Sci. 

1(2), 117-127.
Branciari A. 2002, A fixed point theorem for mappings satisfying a general contractive condition of i ntegral 

type, International. J.Math. Math. Sci. 29(9), 531-536.
Ciric Lj.B.1971, Genralised contractions and fixed point theorems, Publ. Inst.Math. (Beograd)(N.S). 

12(26), 19-26.
Czerwik S. 1976, Generalization of Edelstein's fixed point theorem, Demost. Math. 9, 281-285.
Czerwik S. 1976, A fixed point theorem for a system of multivalued transformations, Proc. Amer. Math. 

Soc., 55, 136-139.
Gairola U.C., Singh S.L. 1995, Whitfield Fixed point theorems on product of compact metric 

spaces, Demorist. Math. 28, 541-548.
Gairola U.C., Mishra S.N. and Singh S.L. 1997, Coincidence and fixed point theorems on product spaces, 

Demonst. Math. 30(1), 15-24.
Matkowski J. 1973, Some inequalities and a generalization of Banach's Principle, Bull.Acad. Polon. Sci., 

Ser. S'ci.Math. Astmnom. Phys. 21, 323-324.
Matkowski J. 1975, Integrable solutions of functional equation, Dissertations Mat. Vol. CXXVII (Rozprawy) 

Warszawa,.
Matkowski J. and Singh S.L. 1996, Banach type fixed points theorems on product of spaces, Indian J. 

Math. 38 (1), 73-80.
Reddy K.B. and Subrahmanyam P.V. 1981, Extensions of Krasnoselskii's and Matkowski’s fixed point 

theorems, Funcial. Ekv. 24, 64-83.

J. Mountain Res.
( 9 2 )



Reddy K.B. and Subrahmanyam P.V. 1981, Altman's contractions and Matkowski's fixed point theorem, 
Nonlinear Analysis, 1061-1075.

Rhoades B.E. 2003, Two fixed point theorem for mappings satisfying a general contractive condition of 
integral type International. J.Math. Math. Sci. 63,4007- 4013.

Singh S.L. and Mishra S.N. and Chadha V. 1994, Round-off stability of iteration on product space, C.R. 
Math. Rep. Acad. Sci. Canada, XVI N o-3,105-110.

Singh S.L. and Gairola U.C. 1991, A general fixed point theorem, Math. Japon. 36, 791-801.
Singh S.L., Gairola U.C. and Pant B.D. 1995, Afixed point theorem on product spaces, presented in 10th 

annual conference of R.M.S. at Govt.P.G.College Rishikesh,.
Singh S.L.and Kulshrestha C.1986, A common fixed point theorem for two systems of transformations, 

Pusan. Kyo. Math. J .2 ,1-8.
Vijayaraju P., Rhoads B.E., Mohanraj R. 2005, Afixed point theorem for a pair of maps satisfying a general 

contractive condition of integral type , International. J.Math. Math. Sci. 65, 2359- 2364.

A FIXED POINT THEOREM FOR SYSTEM OF TRANSFORMATION SATISFYING A GENERAL CONTRACTIVE CONDITION OF
INTEGRAL TYPE ON PRODUCT SPACES

J. Mountain Res.
( 9 3 )


