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Abstract: In this article, we consider the polynomials consisting of the coefficients of complete and the partial

Bell polynomials and the polynomial expressions for the arithmetic functions tx(n) and T&(1n), the number of
representations of n as a sum of k triangular numbers and k squares, respectively, and also the color

partitions Px(1n). Then making an appeal to the Fourier series consisting of the coefficients of Bell polynomials
and arithmetic functions we obtain various results concerning approximations and Fourier transformation
identities.
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1. Introduction and preliminaries
If two analytic functions F(q) and G(q) of g, where 1 41 <1, are followed the equations

qdiqlngF(q) = G(g),
(F(@)* =%, fuln)q",
G{q} :E::lz;[ gnqni (1)

with the values F(0) = 1, G(0) = 0.
Then, due to Eqn. (1) there exists following recurrence relations [1]

Film) =2 B, g; fuln— 1), @)
g == n 55, S () il 3

The relation (3) is the inversion of (2) with respect to the sequence {En}.

From the hypotheses fx(0) =1, k=0, fo(n) =bp,, 90 =0,f(M)be a polynomial in K of
degree

fim)=ann) k" +ann-—DE 1+ +an2) ¥ +anl)k, n=1, 4)
where in (4) the coefficients a(n,m) are determined in terms of the quantities i+ given by

a(n,n) = ni (g)", n=1, 5)
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1 — LY 1! 2! (n—m—j+1)!
a(n,m) = e E;zlm (g™~ (’}-)}! En—m,j(? 82, 3 93 R L

n=m+1, (6)

n—m—j+2 gn—m—j+2) E

involving the partial exponential Bell polynomials [5, 6, 21]. Here the results (5) and (6) are in
harmony with the relations due to Jakimczuk [10, Eqgns. (8)-(11)].

2. Fourier series involving the coefficients of complete and partial Bell polynomials

Lemma 2.1 In [23], due to (4) the coefficients of the partial Bell polynomial are represented by the
Egns. (5) and (6).

dl'f]
Proof.  Consider the polynomial (4) which has a continuous variable in k- then on applying 4x™ to
the property

ke . . ..
F* =%, =5 (") 4" and after to make * =0, there exists following equalities [23]

T Tiy, TT1
¥, ma(nm)g = (logF)™ = (T2, 2¢") = (9:9)" (X2, L)+ p, =1,

— Mantl _ me® o @ _ m 5 a"
hn. - (n+1)g; - {gi fd'} Ej:l]' Q_i' i - {gl} En:m Qn—m n—m)! ’

()
which due to [17, 23] give
_ _ xn—m M _
Qo =1, Qr—m = Ei‘:l Ci ) I! By ,i'(h:l sha ey R pq), n—mz21 (8)
Hence by the Eqns. (7) and (8), the coefficients are
0, D=n=m-—1,
(g™ —
aln,m) =+ m * n=m,
g™
oy — Qu—m, mtl=n ©)

Therefore (7) - (9) imply (5) and (6).

Theorem 2.2 For all ™, * € Z+, Z+ = (a set of positive integers) and * € (—%2,22) define a Fourier
series such that

Hmrx)=%___Chmr)e™i=/(-1) (10)
then for any 7 = 0, and due to (10) there exists a formula
1 = - —irx s — e

Clr,m, ) = {gj—mH (m,r: xle ™ dx;n=rr>0m=0

nexrr>=0m=>0 (11)
Proof. Consider the series (10) and multiply in its both sides by € "
r > 0,x € (—o9, ), then integrate that sides with respect to * from —%2 to “2 to get
1 = - —irx
EJ_WH(?H,?, x)e dx

. AL [T Liln—r) 10 i
_Enz_mf(n,m,?}[zﬂj_meln ”EEI+2ﬂJﬂ gi{n—rlx g4

, for any fixed
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+ E::':_m Cin,m,r) %J’:-; gmTTIE gy (12)
By the Eqgn. (12) and due to the formulae used in [3, 4, 13], we immediately find the result (11).

Theorem 2.3 In the series (10) of the Theorem 2.2, if suppose that
aln,m)n=m+1
a(m,m),n=m
Om—-1=n=0
0,n=0 (13)

Cln,mn) =

Then Vx € [0,27], there exists an inequality

2m Egl}m Q |_r1_x
n=m+1 m! (n—m)! <7 m €

2m!H (m; x) — % = {(zm)]{gi}’“

(14)

Proof. Consider a series under the conditions given in (13) and make an appeal to equalities (9), we
write it as
H(m; x) =%~ __ C(n,m,n)e"

= E;i_m Dem* 4+ Em_l 0e™ +% _ a(nm)e™ + ¥ a(n, m) g™

n—=m+1
= a(m,m)e™ + En S a(n, m) e"”‘ (15)
Now in series (15) use the equalities (9) that implies as
T 2m .
H (?H, I} En —m+1 mcfl:}m:ll Qn—m e = Eilll::ﬂ! |r3-2”’“-‘f|_ (16)

Finally, ¥x € [0,27] and by the inequality (16), we arrive on the result (14).

Theorem 2.4 If all conditions of the Theorem 2.3 are followed, then for all * € (—oo,0) gnd m € Iy
there exists a formula

J5 H(m; x) reem byl

(g™ q
i —.
X = E Qﬂ. mE =1p; H:—n: { b}g._l_b.i:} (17)

n=mm m! (n—m)!

[f +by )

Proof. For aII x € (—e0,9) consider a function

and another functlon H (m; x),Vm € L; and x € (—22,2) from the Eqn (15), we get

j H(m; x) f(x)dx = _j'_m alm, m) e""xmdx + En m+lj aln,m) e‘”rm flx
= | j_mH {ﬂ".l.; x} mdx

_ (g poo imx g™

—_— W@ inx £
R mﬁrdﬂﬂn et ey Qoo € Ry A

Now use the Cauchy Residue Theorem [22] and the techniques of [12, 28] we evaluate

j H(?n x}wdx
m em FJ exp FJ 7
@y om] 4 ey @)™ o L [=Bm

i _;- 1p:IL el h"+b"} n=m+1 m! (n—m)! =1 b1, Liwi (=07 -+ ) (18)

The Egn. (18) immediately gives us the formula (17).
It is remarked that on making an appeal to the techniques and results of [12, 28], the formula (17)
become very useful in evaluation of various trigonometrically functions and polynomials.
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3. Arithmetic functions their partial and complete Bell polynomials and Fourier transformation
identities

Various authors to them for example [16-18] studied the arithmetic functions 7x(1) and x{n), which
are the number of representations of n as a sum of k squares and Kk triangular numbers,

respectively. The function Px(n) is the number of color partitions of 1.
Again, we recall the function due to [1, 23]

oo 2 w 1—g"
F(@) = Ype o (D" ==y 155 (19)
Here in (19) consider that
F*= E:j:,} (—1)"rp(n) g7, G(g) =—2 E:j:i nD(n) ¢". (20)

In the relations (20), D(n) is the sum of the inverses of the odd divisors of n, that is,

1
D(n) = Toaa am 3, and as T%(n) i the number of representations of a positive integer n as a sum of
k squares, such that representations with different orders and signs are counted as distinct [8, 9, 14,
19]. Therefore following relations are found [23]

fin) = (— )" ri(n),
gn =—2nD(n) =ng, D(n), g,=—2, (21)

whose application into (4)-(6) gives the expression

) =2 K+ (-1 5 ) ®,

such that
- i n—m Ty
a(n,m) = ——— ¥ (; )
X By, (1!D(2),2!D(3), .. (n—m—j+1)!D(n—m—j+2)). (22)

Again consider that [11, 23]
F(@) = (9 Qoo = TThey (1—97), (23)
Fr =% pn)q", Glg) =—X,_, a(n)q", (24)

where Px(1) is the number of partitions [10, 15] with ¥ colors (see [16-18]) and (1) is the sum of
the divisors of ™; hence there are the relations (also see in [23])

fi(n) = pr(n), gn =—0om) =g,0o(n), g:1=-1 (25)

and (4)-(6) imply the relation
(—" - -
pr(n) = T k" + E;:: a(n,j)K , (26)
such that
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—13m m ' ' —i '
aln, m) = L —m ( ) J! Brem. (1? (2], 2? (3), v Llil® L' gln—m—j +2})J

m! (n—m) =1 1\ j n—m—j+32
(27)
further consider that
nin+t 13 _ am
F@)=%7,a ¢ =1, ===, 0+ a2 d-q) 28)
and
F* =Y o M) q", G(g) =—%,_, nT(n)q", (29)

where tx(n) is the number of representations of n as the sum of k triangular numbers, such that
representations with different orders are counted as unique, and:

T() =Xy @=% iy (=1dd, (30)
hence
fr(n) = ty(n). gn=—nT(n), g1=1, (1)
and from (4)-(6)
ty(n) = % k" + E?;j a(n,j) i, (32)

where

a(n,m) = _t E"z_im (—1¥ (T) j!

m! (n—m)! l

X By ;(1T(2), 21T(3), ... (n —m —j + 1)!I T(n— m—j +2)). (33)

Due to the Eqns. (21)-(33), here in our research work, we use following interesting recurrence
relations [23] to obtain Fourier series identities

pifc+1{:ﬂ} = E_?:u. ﬂ{j} jU';l-l:ﬂ - }); (34)
provided that
0, i==(3m+1),m=0, +1, +2,..
a0 = 1m '—}*“32{ 1 }—n +1, +2
(0™ j=7CBm+1),m=0, 1, +2,.. )
Tifr+1(ﬂ} = E_?:u b{}} Ticfﬂ _j).l (36)
provided that
2, j=m*, m =1,
() =11, j=0
0, otherwise, (37)
tpe1(n) = E_?:u c(j) t(n —j), (38)
provided that
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r:{j]={1’ J z(m +1), m=0,
0, otherwise. (39

Now we present some identities on Fourier transformations due to arithmetic functions defined in the
Egns. (34) to (39).
Theorem 3.1 If the

Hy(k L) =32 CWexp [2“"“"]

L (40)
(1 _ Iprcﬂfﬂlﬂ =0;

where, ™ 0,n <0,

i=4(-1),L>0,vxER a3 set of real numbers}, KEZs+ {a set of positive integers},
(41)

T

then YN Z70Bm+1) pere m=0, £1, 2, .., there exists following identical Fourier

transforms

1 L2 _2mlix £mT 1/ 2ﬂ{;‘u’-%{3m+1_‘l]|'_rl

L ik De T ax=""[57 exp |- : |Hiik —1,Dax W

Proof. Making an appeal to the recurrence relation of the arithmetic function Px (1) given in (34) and
the definition of Fourier series in (40)-(41), we find

Hi(x; k.l L} :En:u.pi'c-l-i{?l}e - :En:u.e - =0 ﬂ’{}} pk(TI_}) :En:u.pif(il)e - Z_i'-:ﬂ' ﬂ’{-j}e -

L/2 Sl Lz _Afmec o I
= - Hi ke T dx=Yr; a() ;) e 1 {Enznm(ﬂ}e : idm “3)
Then in (43) use the definition (35) to obtain
L2 in L2 2 N—Dy3m+1) ) ix
j ngHi(x k L}E" _J’_ng [_ { - L } }Hiix: k— 1, L}dl’;
provided that
11
‘G’NE?(Sm+1j;m=ﬂ, +1, £2,... . (44)
The Egn. (44) immediately gives the identity (42).
Theorem 3.2 If the
. ) 7} Inmix
Hy(x;k, L) = Yoo, Colexp |22, 45)
(2) _ I’-“mfﬂl nz=0;
where, ™ | 0.n<0,
t=4/(=1),L >0, Vx ER f5 set of real numbers}, ¥ € Z+ {a set of positive integers},
(46)
then VIV = m*, where ™ = 1, there exists following identical Fourier transforms
1 L72 2_,_ L2 2aNix Irmiix
o ok e T ax =25 exp |- 25 {14 2 exp || Hy (3 k — 1, Ld @)
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Proof. Making an appeal to the recurrence relation of the arithmetic function ri(n) given in (36) and
the definition of Fourier series (45)-(46), we have

2romix Zrmix X mx
Hy(xk L) =%, riea(me T =57 e T 5 b(Drn—) =% "_;r ifc(ﬂ)e L b{r} er

Li2 L2 _ZN-fimix Ini
J’_Mszlfx, k, L}e I dx E —p b)) J’—L,fz e I [ _pTinle T r]dx
Then in (48) use the definition (37), we obtain

1L/2 . _ 1l 2aNix
=) o Haxk L)e "Tdx==)_ e l

(48)

Ha(x;k — 1,L)dx

2 fL/2 2| N—
+2J exp |- Za{y—n?)ox "‘:'”‘|H2{xk 1,L)dx,

provided that VN = m*;m € E¥, 7 = fset of positive integers}. (49)
The Egn. (49) immediately gives the identity (47).
Theorem 3.3 If the

Hy(x;k L) = S, Colexp |22,

~o0 Crnic P (50)
(3) _ Itrm (m),n=0;
where, ™ | 0,n<0,
i=+(-1),L>0,YxER f3 set of real numbers}, K €Z+ {a set of positive integers},
(51)
m
then YN = 7 (M + 1) ynere m € Z. U {0}, there exists following identical Fourier transforms
1/2 In :n.r 1, L2 2m (N—(m+1)) ix
e Hyk e T ax =11, |—+ Hs(x;k — 1, L)dx. )

Proof. Making an appeal to the recurrence relation of the function ti(n)in (38) and the definition of
Fourier series in (50)-(51), we get

- Inmx w 2nmix " ) ) X :x:- ) E_J‘nz
HE(xF II1":'.' L} = EH.:I} I‘-'|'|.'+:|. {H}E = Eﬂzue - E_;":I]' I':{-j} ti'f{ﬂ __.f) = "_—u. tk{?l]ﬂ' - '=|:|. C{j} gt

L2 ::'._.‘_ L/2 _.ﬁl:.:'i'—jjﬂ'!.'f Zrmix
j o Ha(xs kL) T dx= E —p €] - J’—.r_;z {En—l} ty(n)e T ] dx. (53)
Then in (53) use the definition (39), we obtain
L2 Znliix 1 L/2 2m (N—7(m+1) ) ix
_]' o Halx k, L)e T dx = Ej_we —(fl Hi(x;k—1,L)dx,
provided that
i
YN 2 2 (m+1),\here m € Z U {0}, (54)
Hence the identity (52) exists.
4 Generalization of the recurrence formula (2) and certain results
Consider the formula (2) in the form
n fi!r(ﬂ) = E_:'l::[ h{}} fi!r(ﬂ _j}.l (55)
and write the Eqgn. (55) in the form
e (11 — 1)
Yo=Yy \j—1) % Yn-i» (56)
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with ¥» = 1! fx(n) and % = U = D'RGD; then (56) implies the following expression
Vi = By, o Xp), (57)
in terms of the complete Bell polynomials [26] and therefore we have
fr(n) = ﬂi B,(0'h(1), 1! A(2), ..., (n — 1)!h(n)). (58)
On the other hand, in [1] were proved the recurrence relations
re(m) === Sy (=1 jD() rin— ),

f(n) == ¥, j T() te(n — j),
pi(m) == T o) piln =, (59)

with the structure (2), which is a particular case of (59); then the application of (55) to (59) gives the
interesting relations

r(n) = nl B.(2k- 1!D(1), — 2k - 2!D(2), 2k- 3! D(3), ... — 2k(—1)"-n!D(n)),

ty(n) = :— B,(—k-11T(1), —k-2!T(2), —k-3!T(3), .., —k-n!T(n)),
p(n) = % B.(—k-0a(l), —k-1a(2), —k-215(3),... —k-(n—1)a(n)), (60)

which are closed expressions with the participation of the complete Bell polynomials. From (60) it is
evident that these arithmetical functions are polynomials in k of degree n, in accordance with (4).
Similarly, the known relation for the partition function [24, 25]

np(n) = 37, o(j) pn—), (6)
with the structure (55)-(57), implies the property
p(n) = = B,(0! o(1), 1! 6(2), 2! 6(3), ... (n — 1! a(m)), 62)
in accordance with the result in [19, Theorem 7]. Besides, Robbins [24, 25] deduced the following
recurrence relation

npp(n) =%, 6,() po(n —j), (63)

similar to (61), where po(n) is the number of partitions of 1 using only distinct parts and given as
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a-':'(ﬂ} = Endd din d = EdJ'rl {_ l}d_l % ; (64)
then it is immediate the expression
pp(n) = = B, (0! 0,(1), 1! 6,(2), 2! 6,(3), ... (n — 1)! 5,(n)). (65)

Finally, from (63) it is possible to obtain the identity [24-25] as
oo(n) =%, (— 1Y jpep(J) po(n — ), (66)
where Pop(m) is the number of partitions of M into parts which are odd and distinct.

5  Onarecurrence relation of Apostol [2, 24]
In this section, we recall the Eqns. (1) - (3) to consider the case

FE =14 52, Al gt = 7, (=)= 9", (67
we obtain
Q(n) 1]
G{Q‘} = Enmzj_ 1_—qﬁ qn. = E:j::[ {th'n Q{d}} an
(68)
therefore (2) implies the recurrence relation of Apostol [2, 24]
nfin) =k T, ( %y, @) filn— ). 69)

If @Q(n) =—n then fx(n) = px(n) and Ty, AD == (1) thys (69) implies (61)

npy(n) =— k E}Ll o(j) pp(n— j),

which was originally found by Gandhi [7, 15], and for k& =—1 it gives (63), and if & =1 it generates
the identity obtained by Robbins [24] and Osler-Hassen-Chandrupatla [20]

gin) =—na(n) — EJ?:? g(jlain—j) =n=2, (70)

with the a(i) defined in (35).
In [23] there is also a study of polynomial expression (4) and its coefficients.

6  Concluding remarks Fourier transformation identities obtained in
The Fourier series is the summation of the Section 3.

trigonometrically functions found in the

literature and applicable in various scientific References
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polynomials become helpful to express the (2023), Article 23.2.5.
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