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Introduction and Preliminaries

Mathews (1994) introduced a generalization of the metric space, popularly known as partial metric space,
in which self-distance may be non-zero. Harandi (2012) further generalized this notion by introducing a
new space named the metric-like-space.in which the self-distance of a point may be greater than the
distance of that point to any other point. Meanwhile, Alghamdi et al. (2013) introduced the concept of
b-metric-like spaces that generalized the notions of partial b-metric space and metric-like space.
Afterwards, Shukla (2014), also introduced an idea of the partial b-metric which generalizes of the partial
metric and b-metric, altogether.

Zoto et. al. (2017) established some fixed point theorems in generalized (a—v,9)
contractions in b- metric-like spaces. Also, Guan and Li (2021) proved some common fixed point results

for generalized ( Y. @) weakly contractive mappings in b-metric like spaces. Besides, many
authors developed various fixed point results in metric-like spaces and generalized metric-like spaces
(Aydi et al. 2017, Chen et al. 2015, Guan et al.2021 , Hammad et al. 2019, Harandi 2012, Hussain et al.
2014, Sen et al. 2019, Shah 2022), Sumalai et al.2019), Zoto et al. 2018,2019).

We define the following class of functions.

1. W ={y:[0, + o0) = [0, + ) js continuous and non-decreasing with
P(t)=0 if and only if t =0}

2. @ ={¢:[0, + ) = [0,+ ) js Jower semi continuous with
$(t)= 0 forall t >0 and ¢(0)= 0},
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Now we recall some important definitions and other consequences from the availed literature.
The notion of metric-like space due to A. Harandi is defined as follows:

Definition 1.1 (Harandi (2012) Let X bea non-empty set. Then, a mapping
d: X X X — [0,00) issaid to be a metric-like if for all Ly,z€X
1. d(x,y)=0=x=y;
2. d(x,y) = d(y,x);
3. d(x,z) < d(xy) + d(y,z),
Then, the pair (X, d) is known as metric- like space.
Alghamdi et al. (2013) defined the concept of b-metric like space as follows:
Definition 1.2 (Alghamdi et al., 2013) Let X be a non-empty set. Then, a mapping
d: X X X = [0,%0) jssaidtobe a b-metric- like if there exists a number
5 = 1 sych that for all x¥,z€EX
1. d(x,y)=0=x=y,
2. d(x,y) = d(y,x);
3. d(x,z) < sld(x,y) + d(¥, 2)],
Then, the pair (X.d) is known as b_ metric- like space.
Definition 1.3 (Alghamdi et al. ,2013) Let (X.d) be a b-metric like space with parameter
s21 and {xx} be a sequence in X
1. The sequence {xn} is said to be convergent to X if

HT d(x,, x) = d(x,x).

2. The sequence {xx} is said to be Cauchy sequence if and only if

lim d
Jim, 4 %)

exists and is finite.

3. (X, d) is said to be complete iff for every Cauchy sequence {xn}
in X there exists an x € X sych that
li d(x,, = lim d(x,, x)= d(x x).
n,ml—I>]-l|-DO (% X)) n_lﬂ_’lm (xp. x) (x, x)
Lemma 1.1 (Sen et al., 2019) Let (X.d,s = 1) pe a b-metric-like spaces and {xn]
be a sequence in X such that

d{xmxn+1 < ﬂ'd{xn—llxnji
for some 4 € [0,1) and for each ™ € M. Then {xx} is a Cauchy sequence with
lim d(x,, x,)=0.

m, m—++oo
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Lemma 1.2 (Alghamdi et al., 2013)) let (X.d) be a b-metric like space with s=1

We assume that {x,1 and {¥x} are convergent to X and ¥,
respectively. Then , we have

=d(x,y) —=d(x,x) —d(y.y) < liminfd(x,. v,.)

< limsupd(x,, )

n—++o0
< sd(x,x) + s7d(y, y) + s7d(x, y).

In particular, if 4(%.%) =0, then we have im,—+ed (% ¥,) = 0. Moreover, for each Z € X, we
have

id{x, z)—d(xx) < liminl’d{xn, z) < limsupd(x,, z), < sd(x, z) + sd(x, x).

n—++o0

Also, if d(x,x) =0 then
%d{x, z) = limjlrnfd{xn, z) < limsupd(x,,z) < sd(x, z).

n—++00
Lemma 1.3 (Zoto et al., 2017) Let (X.d) pe a b-metric like space with s=1
Then,
1 If d(x,¥) =0 then d(x,x) = d(y,y)=0.
2. If {xx1 is a sequence such that lim, s d (2, Xp+1) = 0, then we
have 1im s poo (2, X)) = My 0 @( X 41, Xp41) = 0
3. If X # Y then d(x,y) >0,

In the next section, we state and prove a common fixed point result for generalized

(¥, @) weak contraction in a complete b-metric like space by using the notion of
weakly compatible.

Main Results
Theorem 2.1 Let (X.d.s) be acomplete b-metric like space and let 5T:X =X pe
two self mappings satisfying T(X) €5(X), where S(X) is a closed subset of
X If there are functions P EW and ¢ € ? such that for all
xLYyEKX
w{szd{TI, T}F]-] £ w{Mi {L}Tn - qb{Ni{x.!}F]]J (21)
where
1+d(5xTx
- d(Ty, Sy) (ﬁ) ,d(Tx, 5x), d(5x, Sy),
Mi(x,v)= max 1 1+d(5x.57)
—[d(Ty, Sy) + d(Tx,5x)],d(Tx, 5x) (m)
and
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Ny(x,y) = max{d(Ty,Sy),d(Tx,Ty),d(Tx,5y),d(5x, 5y)}.
Then ¥ and T have a unique coincidence point in £. Moreover, 3 and T have a unique
common fixed point provided that 5 and T are weakly compatible.

Proof. Let xg EX be an arbitrary. As T(X) SS(X) | there exists
x; EX such that Txp = 5x;. Now, we define sequences {x,1 and
{¥a} in X py Vo =Tx, = Sxpsq | for all neN |f
¥n = Vn+1 for some n € N then we have ¥r= Vn+1 = TXpyy = Sxp4

and T and 5 have a coincidence point.

Without loss of generality we assume that ¥n ¥ ¥n#1. By Lemma 1.3, we have
AV Yn+1) =0 for all n€N _ Apply 2.1 with X =X and

¥ = Xu+1, we obtain

w{szd{yﬂ.!yﬂ-Fl]] = w{szd{Txﬂr Txﬂ.‘l‘l]]
= w{Mi{xﬂ: xﬂ.+1]] - qb{NI{xﬂ: xﬂ+1]]'

[ (1+d(¥n1.¥n))
A0 ) ( 1+ d(ynynit) ).

d{}rﬂ! }Fﬂ.—ljr d{yﬂ—iryﬂ]!

1 El
Z [d{yﬂ, }Fﬂ+1j + d{}rﬂ! }Fﬂ.—lj]-'

(1+dfym_1}})
(AO/n+2Vn) ( 1+ d(rns p7m)

Here,

My(x,, Xpeq) = Max 4

and
Nl{xﬂ! xﬂ+1-] = max{d{}rﬂ+1!yﬂ]! d{}rﬂ!}rﬂ+1]! d{}rﬂr }Fﬂ]!d{}rﬂ—il}rﬂ]}'
If d{}rﬂ!}rﬂ+1] = d{}rﬂ.-’}rﬂ—ij = n, then Mi = d{}rﬂ+il}rﬂ] and J1'I"'T:l = d{}rﬂ+il}rﬂ]' Now,
YAV Vnt1)) < Y(S°d (Y, Yt 1)
= w{Mi{xﬂ: xﬂ‘l‘i]] - ¢{N1{xﬂ1xﬂ+1]]
= wfdf}’m }Fﬂ.+1]] - qﬁ{d{}rﬂ+1r}rn]]r
which gives that @(¥n ¥n+1)= 0 a contradiction. Thus @(¥m¥n+1) =0 1t follows that

A(Vns Yn+1) < A(¥n ¥n-1). Hence {(¥n: ¥n+1)1 is a non-increasing sequence.
Consequently, the Ilimit of the sequence is a non-negative say r=0. That is
lim, e (¥, ¥n+1) = 7 Therefore
My(xp Xpe1) S AV Yn-1)
Nl{xﬂ’xﬂ+1] 2 d{}Fﬂr}Tﬂ—ljr
S0,

Y(d(¥n Vns1)) = w'fsz A(¥n: Yns1))
< P(s?d(Tx, Txn11))
S Y(My(xp Xp+1)) — PN 1 (X0 X041))
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= ﬁ’fdf}’m }’n—ﬂ] - ‘;’{d{}rﬂr }’n—ﬂ]-

If =0 | then letting ™% in above inequalities, we obtain that
P(r) <P(r) —¢(r) =r =0 Thatis limyced (¥, Vn+1)= 0,

Now we prove that Lim, e (Vs Vi) = 05 not, there exists €>=0 for

which, we can find sequences {¥mrtand {¥ur} of {¥n}, so that

Ny is the smallest index for which n=m >k € = d(Ymp Vn,)

and A(Vmer Yny—1) < € In view of triangle inequalities in b-metric like space the

following inequalities hold:
£ = FEim supd(Vm,» ¥n,) < S€,

£

= i: al_i_?;supd{}rmj;r}rnj;—lj i: £,

g
[3 " 2
=< a!l_l}];ﬁupd{}’mk—ir}rnj;] =5e
(3 .
? = ll_l}];lﬂSUFd{}Fm;\.—ir}’n;-—lj < SE.
Also, we find
p 14d(Sxm Txmy ) )
d(Txﬂi" Sxﬂk}{ 1+d(5-'xmj‘.nsxﬁ.i-} J’
My( ) A(T Xmr SXimg)s A(SX g SXy )
(X X ) = MaAx 4 1 (
i E[d{Txnj;: Sxﬂj;] + d{Txﬂ"-j:’ Sx"“if:]]’
1+d(Sxm Sxn )
kd(Txmj;’ Sxf“j:j{ 1+d(Txny Sxn ) ) J
I.i 1 +d|:j?mj:—laym;;} A
d{}rnj;r}rﬂj;_lj(i+d|:ymk_1;jr‘nk—1}j’
d{}’m};! Fm;;—l]!d{yﬂ’l-k—i’yﬂi'_lj’
=max+ 1 (-
2 [d{}?ﬂk, }’n;-—lj + d{}ka;}’mk—ij]r
1+diym—1m,—1)
A (Vrgr Vi —
\ (g Ymy=1) 1+d(¥ngo¥ng—1) ) }
and

Ny (X X ) = max {d {Tx“i" Sx“i:]’ d{Txmk, Txﬂ;;]’ }
T A(Txp,, 5%y, ), A(Sxpy, S, )
d{}Fﬂi.! }Fﬂ;_-—j.]! d{}?mi_, }Fﬂ;_-]!
= max .
d{}rmi-r }Tﬂ.j_-—j.j! d{}rmi-—ir }Fﬂi——lj
Thus, using above four inequalities, we have
F}im SUpM (X, X ) < max{0,0,5¢,0,0} < se.

. N £ 13
Hins (i %) 2 max {0,673} 2.5

Taking ¥ = *¥mi and ¥ = *n; inequation 2-1, we get
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YAV Yni)) < (5* AV mgr V)

< P(s*d(T X, Ty )

< w{Ml{xmr’ xﬂ-i—]j — ¢(N, {x‘m:-’xﬂi-jj
S Y(d(Vn ¥n-1)) — @(d(¥n Yn-1))-

So, we find
Y(se) = Y(shim supd(Txp,, Tx,, )
I 1s
<yY(s &1_1}1;1{3 supd (T Xy, TXy, )
< P (Hm SUPM (X Xy,)) — S(HM INEN (i, X1,))
= 1#(55] - ":b{y_l}];loianl{xmy xn;—]]!
and we conclude that 1TMi—eeinfNy(xn, %) =0, otherwise it gives a contradiction to
limir—mo ianl(xm;;r }Tﬂ.j_-j = S_E:. Hence limmm_m d{}Fﬂ, }Fm:] = ﬂ.

As X is complete so there exists u € X sych that

limd(y, u)= limd(Tx,, u)= limd(5x,:,u)= lm d(y, y,)= d(u,u)=0.

Since S(X) is closed, we obtain that & € 5(X). Therefore, one can choose Z € X sych that # = 5z
and above equality becomes

lim d(y,,, 5z) = llm d{Txﬂ, S5z)= hm d{.‘}xﬂﬂ, Sz)=0.

If Tz # 5z pyputting ¥ = *» and ¥ = Z in equation 3-1, we get
w{SEd{Txm TZ]] {—: w{Ml{xﬂJZ]] - ¢{N1{xﬂr 2]]1

where
d(Tz 5@(%]@{3&“, 5x,),
M, (x,,2z) = max { d(Sx,, Szj,é[d{i"z, 5z) + d(Txy, 5x,)],
A(T%, %) (i)
and

N(x,,2) = max{d(Tz 5z),d(Tx,, Tz),d(Tx,, 5z),d(5x,, 52)}.
Consequently, we get

d(Tz,52) (=228 0,—d(Tz, 52),

_ 1+4( 5z}
limsupM, (x,, z) = max 1+j4;?yi 1.55)
k—oo d{yﬂ, ﬂ_1]( 1+d(Tz.57) ]
1
d(Tz, 5z)(———).0,
< max 1 1+d(yn-15=)
Ed{Tz,Szj,ﬂ
< d(Tz, 52),

and
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HminfN, (x,,, 2) = max{d(Tz52),d (¥, T2),0, d(¥-1,52)}
= max{d{Tz, 52'],d{}rﬂ, TZ],d{}Fﬂ_l,SZ]}
= d(Tz, 5z).
Taking the upper limitas X tends to ©2, we have
Y(d(52,T2)) = P(s>7d(52,T2))
< Y(s*limsupd(Tx,,, Tz))
k—oo
< Y (lmsupM; (x,,, 2)) — S(HminfNy (x,,, 2))
f—o0 —Ha
< y(d(5z,Tz)) — ¢(d(5z,Tz)),
which implies @(d(5z,Tz))= 0. |t follows that @(5z,Tz) =0 Thatis © =5z =Tz js a point of

coincidence of 3 and T.
We also conclude that the point of coincidence is unigue. Let v be another coincidence point with

Z#FV such that Sv=Tv,  puyt X =2z and Y =7 in equation
2.1 we obtain

Y(s%d(Tz Tv)) < Y(My(z,v)) — $(Ny(z,v)),

where
d(Tu,Suj(%],d(Tz,m,d(s:,Suj,
ME)=mas 1y s 4 (T2 52)], d(Tz 52) (226
7 [4(Tv, 5v) + d(Tz 52)], d(Tz 5z) (o)
and

N,(z,v) = max{d(Tv, 5v),d(Tz Tv),d(Tz S5v),d(5z, 5v)}.
Consequently, we get
1
1+d(5z5v) )0,

d(Tv, Sv)(
limsupM; (z, v) = max "
k00 d{Sz,Svj,Ed{Tlﬂrsvjrﬂ

1
14+d(5=5v) ):

d(Tz,Tv),—d(Tv,5v)
=d(Tz, Tv),

d(Tv, Sv)(

< max

and
liif_]'linl’Ni{z, v) = max{d(Tv, 5v),d(Tz,Tv).d(Tz 5v),d(5z, 5v)}.

= max{d(Tv, 5v),d(Tz Tv),d(Tz Tv),d(Tz Tv)}.
=d(Tz, Tv).

Taking the upper limitas k tends to ©, we have
Y(d(Tz Tv)) = Y(s*d(Tz,Tv))
< ¢ (limsupM,(z,v)) — ¢{li£nian1 (z,v))
koo =
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< ¢(d(Tz Tv)) — ¢(d(TzTv)),
which implies @(d(Tz,Tv))= 0. |t follows that d(Tz Tv) =0,

We see easily that if 5 and T are weakly compatible, Z is a unique
common fixed point of T and 3,
According to Theorem 2.1 we can get the following results.
Corollary 2.1 Let (X.d,s) pea complete b-metric like space with constant
521 and let T,5:X = X be given self mappings with T(X) © S(X), where
S(X) is closed subset of X If the following condition is satisfied:

5'2 [d{TI, T}’]] = Ml{x: }I] —L dfsx: 5}’]:
where L € (0,1) represents a constant. Then T and 5 have a unique coincidence point in X.
Moreover, T and 5 have a unique common fixed point provided that T and ¥ are weakly compatible.

Corollary 2.2 Let (X.d,s) pea complete b-metric like space with constant
s 21 and suppose T,5: X = X pe given self mappings with T(X) c 5(X),
where S(X) is closed subset of X If the following condition is satisfied:

5'2 [d{Txr T}’TI = lex,}r - NI{I,}’],
then T and 5 have a unique coincidence point in £. Moreover, T and S have a unique common
fixed point provided that T and 5 are weakly compatible.
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