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Abstract: In the present paper, we discuss about some more properties of K-d-frames and their duals in H we
extend the concept of stability of the K-frame and tight K- frame under some perturbations for the double sequences.
We also generalize the concept of quotient of bounded operator of K-frame. Furthermore, we show the relationship
between the optimal bounds of K-frames and their duals.
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Introduction

Frames were first introduced by Duffin and Schaeffer (1952) to determine and to solve some non-harmonic series
problems. After a few decades, Daubechies et al (1986) extended the concept of frames to find series expansions
of functions in a set of all square integrable functions over field B(L* (R)). Frames can have infinitely many
representations of vectors after removing the uniqueness property from bases in a Hilbert spaces, therefore
redundancy becomes the vital property of frames which makes frames far applicable than bases. Due to its
flexibility, there are several applications of frames in a variety of fields of mathematics and engineering such as
signal and image processing (Ferreira 1999), filter bank theory (Bolcskei et al 1998), harmonic analysis
(Grochenig 2001), wireless communications (Heath and Paulraj 2002) and there are many more to observe.
For more review on literature one may refer to Benedetto and Fickus (2003), Casazza (2000,2003) and
Christensen (2003).

As yet several generalizations of frames have been presented with many applications. Some of those have been
introduced such as fusion frames (Casazza and Kutyniok 2004), continuous fusion frames (Faroughi and

Ahmadi 2010), generalized frames (Xiao et al 2015), K-frames (Ramu and Johnson 2016) and
d-frames (Biswas et al 2023) etc.

Throughout this paper, H denotes Hilbert/separable Hilbert space, B(H'1.H1) a collection of all
bounded linear operators from Hito Ha (If Hi1 = H2 = H then it is denoted by

B(H)). For K eB(H), R(K) is the range space of K K is an adjoint
of K and K" is a pseudo- inverse of K,

Recentl, Biswas et al. (2023) gave a new generalization of frame with the help of double sequences using the fact
that every Bessel sequence in a Hilbert space need not to be a frame.

Biswas et al. (op cit) gave the following definition of &- frame.

Definition 1.1. (Biswas et al. 2023)
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A double sequence {x’i}!jEK in H is said to be a @-frame for # if there exist constants 4. B = 0 such that

m.n
Al < tim Y [(exg ) < Bl v x 3, (L1)
j=1

here, constants 4 and E are called lower and upper @- frame bounds respectively. If A = B | then {x’J}!J’EE is called

tight d- frame. If A= E = 1 then {x"'}!jEK is called Parseval - frame.

If only the right hand inequality holds in equation (1.1), then {x’i}!jEN is called a double Bessel sequence or
d-Bessel sequence for H.

In a different manner, Gavruta (2012) proposed the notion of K- frame to study atomic systems in a
separable Hilbert space. Gavruta (op cit) gave the following definition of - frame.

Definition 1.2. (Gavruta op cit)
Let H be a separable Hilbert space and K € B(H). A sequence {xx Juz1 is called K- frame for £, if there exist
constants 4. & =0 such that

)
AR x|? < Z lx.x, ) < Bllx|f, ¥x € H,
n=1
here, constants 4 and E are called lower and upper £-frame bounds respectively.

It is notable that &-frames are more general than ordinary frames (Jia and Zhu 2018, Xiao et al 2013).

Considering this fact, we generalized the concept of frames generated by double sequences with the help of linear
bounded operator & and introduced K-d-frames in our previous paper (Pauriyal and Joshi Op cit).
Infact Pauriyal and Joshi (Op cit) gave the following definition of K-d-frame.

Definition 1.3. (Pauriyal and Joshi Op cit)

Let {x’f}!JEE be a double sequence in separable Hilbert space H and ¥ € B{H). Then, {x’f}!JEE is called a K-d-
frame for  if there exist constants 4. B =0 such that
m

Al K x|| < Em_lrE‘:a Z l(x.x; )| = Blx|*. vx € A, (1.2)
j=1
here, constants A and & are called lower and upper K-d-frame bounds respectively.

. .12 li M x : e .
) IFAIK <)® = mnit Zij=1 [ x5 )| , then {x"’}!JEK is called a tight K-d-frame.
* 2 ]-. m'.ﬁ. a gy - 1 . .
(ii) 1fA =1, the above equality becomes I X°*|I* = mnote Lij=1 . 2 )| , then {x"'}!JEE is called

Parseval K. d-frame.

Remark 1.4. If only the right hand inequality holds in equation (1.2), then {x’f}!jEE is called a K-d- Bessel sequence
for M.

Remark 1.5. For K =1 K_d- frames are t- frames.

Remark 1.6. Every K-frame is a K-d-frame.
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Let {x’i}!jEN in separable Hilbert space # is a K-d- frame, so it is a K-d- Bessel sequence. So, we define the
operators, T : I (N x N) — Hpy
]

T({uu.-}!jEE) = lim ayx; . ¥{ag) € E(NxN)

M-8 L 1
=1

and T*:H = I* (N x N) py
T"x = '[ll:x, X }}!,‘EE’ vyxe X

Then, & = T T" pe a frame operator from H — H sych that
MmN

m—=a

Sxr = lim 2 (.2 ) ¥V x € H.
—
Main Results
We use the following definition for the further study of paper.

Definition 2.1. (Casazza 2000)

Let H be a Hilbert space, and suppose that X € B{H) has a closed range. Then, there exists a pseudo-inverse
K" & B(H) such that

NKT)= R(K)% R(K)' =N(K*), KKT =1

and it is uniquely determined for all * € R(K). In fact, if K is invertible, then K~* = KT

Corollary 2.2. (Pauriyal and Joshi op cit)
Let K1 €B(H1) and {x’f}!jEE be a K1i-d-frame for H1. Let K2 €B(H2) and T €B (H 1. H2) be surjective with
TKy =K:iT Then, (r x’f}!jeﬁ is a K2-d- frame for Hz.

Now, we extend and prove the existing results on £-frame (Jia and Zhu 2008, He et al 2019, Neyshaburi et al 2019
and Xia et al 2013) for the K-d-frame.

Theorem 2.3. Let £1 EB(H 1) and let {x’i}!jEK be a tight K1-d-frame for 1. Let K2 €B (Hz) be injective with a

closed range and let L € B (H 1. K1) with LK1 = K3l Then {Lx’j]!JEE is a K2-d- frame for Hz if and only if L is
surjective.

Proof. Let L is surjective then by corollary 2.2 {Lx’j}!JEN is a K2-d- frame for H3.

For the converse part, let {Lx’i]!jEN is a K2-d- frame for H2 with bounds 41 and E1. Then,
mh

Ay || Kayll* < mlf,_}gnz {y Lx)* < Byllyll®.vy e H;. (2.1)

=1
Let {x’f}!JEE is a tight #'1-d-frame for 71 with frame bound 4, so
m.n
AR = lim_ _Z 1%, 2}
U:

LA

N
AIKIL YR < lim > Ly 5 = lim Zl'“'” L)

=1
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= BIL*¥I* < BILIFIvIE

Since, LK1 = K3l So, KiL* =L'K5
We know that L €B (}'1. H1) has a closed range R(K2)" © R(L), then from the definition 2.1, L has the pseudo-
inverse L' such that LL" = I, This implies (L7)* L = 1
Then, for all x € R{L)
ll=ll = N L) < || LT 12|
implies

-1 .
LY =l <N El=]. x € R(L).

Now

AIKL L'yl)? = ALK yll®

= ALY 1K vI12.
Forall ¥ € H3,

ALY (1K

mn
< i3 ot
=1

< BILI*IvI® . ¥ € Ha.

Hence, {Lx’j}!jEN is a K1-d- frame for Hz.

We give the following result to address the stability of K-d- frame.

Theorem 2.4. Let{ }JEN be a K-d- frame for separable Hilbert space H and Iet{ }J'EN and {ﬁ’f}!jEN “E e
two positively confined double sequences. Let "}!J'EN is a d-Bessel sequence and there exist constants

1
0= 41 =5gch that
m.r

ma
i, 3 e g ) < 2 i, Z 8
= =

then {y }J eNjs g K-d- frame for H.

Proof. We have,

m, 1—+& m, -+

m.n mn
lim z |(x. By }l = lim Z [, Bivy — ayxy + e
Lj= =1

mlhtﬂ:ﬂ z ||[x,ﬂ iV — Gy :|.| +mh}E:I Z | X, x.

mn m.n
=2 uJEE}_I Zl [{x. Byvy )| + 4 _lim zll{x, rz,jxu.-} IrJhm Z |(x, e 5)
= = I

m, n—% -2

mn m.n
(1-20) lim > [ 8oy )| < 200+ D) lim Y [{x aygoy)|
=1 W=1
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7
\0

{
\

{1—2@[:!}?;;?!:] Jlim Z ey ) = 201+ :-L}( sup @ ) Jlim_ z |(x. )
m, 201+ .1]( sup )
. 2 1jeN 2
s 3 ) b
1 - 20t o)

Similarly,

LR

m.n
lmm n—=3 z Hx, L5 .'k.'. = lim z HIJ a!jx!j_ﬂ!j}’!j +.E!j}’!j}r

MmO+ L
=1

mA
2( Jim, Z (s = By ) + Jim, D (e By
1j Li=1
1. mn :
= 2(4 tim, Z (. @) + w _tim_ Z . By
U: Li—

m,
+ lim Z HI,,E!;}’!;}P
=1

|, n—+

mh
(1-24) lim z |{x. ayjx;; | (Zp+1) lim Z [£2
e L

a-22 . :
@) mits 2 ) < i, .Z = Bl

(1- 2.1}(1111" o )

mR
mlgEzl:a Z | X &y }I = m}iﬂ-:a z I{IJ }’!j}r
{2|J.+1]( sup-j_'i‘ ) - =1

(1- 25{}(111% o )d

1JE

m, —+%

m
AR < lim > sy
{2u+1}( sup f;; =
ijeN

Hence, {y’j}!JEN is a K-d- frame for M.

We give the following result on stability of perturbation for K-¢- frame.

Theorem 2.5. Let {x’j}!J’EN be a K-d- frame for separable Hilbert space ¥ with bounds 4. E and

A wv € [0,9)such that max{d + wWATTIE I, u}< 1.y {y’j}!jEN =¥ e a double Bessel sequence and
satisfies
R m, " n, m, " -
z Cre (e — Vg ) Z Cyeipe u Z Cyrps (Z [Epe] ) Ve .mt € N (2.2)
r.t=1 r.i=1 r.it=1 r.i=1
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1 fadis")}

(VAR -] VB

il

Then {y’j}!J’EN is a Fo(zt)) K-d- frame for H with frame bounds I+ IKE [1-uF

where, Po(ra) is

the orthogonal projection operator from H to @{R(K}). @ = UT" T. U are the synthesis operators for (g }!J'EN and

{}’!J' }! JEN respectively.

Proof. Let T, U are the synthesis operators for {xy }!J'EN and by }!J'EN respectively, then
m.n

T:F(HNxHN)—- H,Ta =m.1r1l.r_13|_m a5

=1
L]

U:F(NxN)— H, Uz = lim Vi

M=
=1

where @ = [0}y € QXN equation (2.2)

ITa-Ual|< AT a] + wllUall + vilallzq.mx - @ € FF (8 x H).

Now let @ = T'x € I* (Nx N), x € R(K). from equation (2.3)
[I§x-UT*x|| = ITT*x-UT*x]|
S AlSx|l + pl UT ]| + vIT x| 2 gy »

We have the following equation from Theorem 2.4 of (Pauriyal and Joshi op cit)

mA
AIRT {7 llell < 18xll = || tim Z (e Yxgl| = Bl wx € REED.
e Ly

From equation (2.5), we have
IT*z)? = {T*xTx) = (Sx.x) <| Sxllll=]l = AL KNP (|8 vx € R(K).
On combining (2.4) and (2.6)
|- UT*x|| < (4 + vVAY KT ) ||Sx]l + pllUT x|l vx € R(K)
by triangle inequality,

1-(4 + wa & 1+4+ vVaT|x
sl < UTsi < AL LILAEN)

1-u
On combining (2.5) and (2.8)

1 — (@ + vVATIRT DAIRT |
l+np

1+ 4+ vVaTET )
1-n

lIxll= NUT || < | B|lx|l-

Suppose @ =TT now we have to prove that R(@) is closed. For all {y’j}!jENC

li i = v,y E H . .
mant Sy = ¥ ¥ then there exists ¥ € B(K) sych that

i = Qxy)
from (2.9) and (2.10)

Ixipg - %l < € 1Q(xi4pe— x5 )l = €1 |1 Gijapg - ¥i)ll-

(2.3)

24)

(2.3)

(2.6)

@7)

2.8)

2.9)

R(@) satisfying

(2.10)

(2.11)
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\

Sy

— 14w AT ET pAET )~

where 1+ , it follows that {x’j }!J'EN is a Cauchy sequence, since {y’j}!JEN is a Cauchy

. ].. ij = . -
sequence, so there exists * € R(K) such that mne 7 . By the continuity of @, we have

lim y; =y = lim Q(ry) = Q(x) € REK),

T fi— X0 1 r—

this implies (@) ia closed. From (2.9) we know that @ is injective on R{K)} so we conclude that
@ :R(K) — R{@)is invertible. On combining (2.8) and (2.9), we have ¥v € Q{R(K}),

150 Ol s ——Z— Iy 212)
1-(J|+1-qa-1||r||;]

) 1+p
1 =
1™l = VA R DA 12

and also ¥x €M we have

Iix

Poagry)* = Q@ 'Poaqryyx = UT" Q™ Poagnx)

_ : -1
- mﬁE‘:ﬂ (T Q Pr?{R{h']}x).;y’f
1j=1 :

I (Poy) 21 = g 16" (Pa) =)

= eilp_ e P@{R{M}K}’}I

LS

= sup x, 11m TQ ‘p mE V) ¥y
yeslyi=t & k),

mA

= sup lim (T'Q'IP@{R{E:,]H}?)!j{x, _}?!J.-}

yeH|lyl=1 | AT o
!J—l

L= Rl

mn

< sup [ lim z|(T*Q-1Pmm)J{yJU__ |“ J:%Z"‘*J’- )|

FEH[¥l|=1| M

ij=1
mAR L"
= sw Qo Kyllaana| Jim, D [yl
reHrl=1 ARE) (NNIY mnscn = /
1
mn T

bql—l-

Z [y’

=1

= £ _1P Kv, _1P K
;-Ems-mn({ Q™ Poaim) K. Q™ Po(ray) J’D

b=

1 1 - .
< sup  [1SQ™ Po(agryKVIIT 1@ PojraryKyIT | | lim z g )|
peB 2 15€7 Faman FYIZ 10" Poga i Ky ma £ [ x5

-
F

1+ - ,
AT li .
[1 —(a+ &) VA 1K) IR i, Z [E3en]

=1
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1

mn T

1+ . 2

= - gD | tim Y | |-
[VAIETIT L = 2) = v] 1500 Zi

Hence we have

1

-

2 mn Z
RET el [l S ET) I ‘- _ ,
(1 + WIKIR & (P@'[R[K]}) x| = mﬁg:ﬂ 21 |{x,J’!;}| ¥x e K.
1=

Remark 2.6. If & = I then Theorem 2.5 is just perturbation of &@-frame.

Corollary 2.7. Let {xy }!jEN be a -d- frame for H with bounds A and £ and £ € B(H'} with closed range and there

exists 0= & < A If {F’j}!jEN < H b a double Bessel sequence and satisfies
1

-

mh mS &

i, ) eileg-yi)l| = VE( i ) lesf” | ovey & Boux)
ij=1 ij=1

- 2
L P
then {y’j}!jEN is a Fe(R@1) K-d- frame for & with frame bounds g1 (VB +1E) , where Fo(7&)) s the
orthogonal projection operator from ¥ to @(R(K)). @ = UT".T.U are the synthesis operators for {xy }!J'EN and

by ]! JeN respectively.

Proof. Ontaking4 =1 =0 and¥ = V6 in Theorem 2.5.

In the following result we show the condition that make {}r’j]!j =N a double Bessel sequence or a #-d- frame with the
help of a X-d- frame, also we can say this is the relation between a K- frame and a - Bessel sequence.

Theorem 2.8. Let {x’j}!jEN be a K-d- frame for £ with bounds A and B, let {y’i}!jEN be a sequence in F£. Then
{y’i]!j =N is a double Bessel sequence for H if there exists a 4 such that

mmn

ma
m}E—I:I-:ﬂz |{x,x!_l.- _}’!j:'l =4 m}l.t—rzl-:ﬂ |{x I!_,-'H W e H.
J=1 ij=1
_ ). S P _
Moreover, let Tx be the analysis operator of " ¥/ijeN, then ' ¥/ijeNjs a K-d- frame if © = 22 . On the other side,

if {y’j}!JEN is a double Bessel sequence for H with T¥ and there exists @ =0 such that IT¥ll= allE"xIl. Then, we
have

mn ma
lim Z |{x,x!j—y!j}|‘ =4 lim Hx _r!j}r vx e H.
4=1 1

mn—3 L mA—0 L
B =

Proof. Let br ’j}!jEN be a double Bessel sequence for H with T¥ | we obtain
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L man

2 , , a . 2

n}l.t—lzl-:uz Hx vi)| = ITyx|* = allK x| EE w}l.t—rll'iﬂZ H_r x!J.-H Nxe H.
1

So,

mmn

mhR
g3 em oo <2 S el 3 e
1=
mmn ]
(.-—’l mr.—::az | ® Xy }| + w}it—?-:az Hx’x!.f}r)
iFl

=
=1
= (_ -|-1 lim Z|x,x.
=
=1

= 4 lim Z | X, Xy "

w1 h—00

ig=1
where‘i‘ = 2( t 1} The other part is
m.n

éif_*:nEHx* il = .gae:xZ [ g )+ x|

=1

(mlﬂ‘mz | Vi x. hm 21 |{x Xif }l )
7=

= :

< 2(4 + 1) m}ﬂ:ﬂz | e 53]
=1

< 2B(A + 1) |)x]|%.

il . t
Thus, {y"’}!JEN be d-Bessel sequence for H. Moreover, we know that there exists an operator 1x such that
TXT}I =X, hence

2 _ I T2 2 — et
lxl® = T Thell? < ITHIFITR2I? = 1T Jim lex o -

So,
M5

"T}” llxl* = mlﬂ'mz |, )|
=1

since

w}iﬂmz |{x,x. = ml;‘t_l}l:ﬂz | X, X5 — ¥y )+ ey ¥i |

(ml;zaZIxx -y)[ + lim thw}l )

We have
nL

émZW ‘ :‘zmlﬂ'mzﬂxﬂl  dim, e
1=
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1

m.n

1 2 .
T 2 . 2
:—‘5“1'}” ll<ll* - Aml_ﬂnzlﬁx’x!f}l
Lj=
1 1,2 )
2 5 (T3~ - 244) 1=1° .
+o3 I3~ {ys}
soif I7xl™ — 244 = 0. that is if 24 "V ljen s a K-d- frame for H.

We generalize the concept on quotient of bounded operator of X- frame. This result is the extended version of

Theorem 5.3 of Ramu and Johnson (2016).

Let E. F €B(H), the quotient [E/F]: R(F} — R(E) defined by F x — Ex We note that @ = [E/F] is a linear
operator on ¥ if and only if N{F) S N(E). In this case D{@) = R(F). R(Q) = R{(E)and @F = E. The quotient
[E/FTis called a semiclosed operator and its collection is closed under sum and product. We introduce the following

result on £-e- frames using the concept of quotients of bounded operators.

Theorem 2.9. Let (¥}ijeN pe a K-d- frame for F with frame operators § and L €B (H), Then the following are

equivalent:

1. {Lx’i]!jEN be a LK-d- frame.
2. (LK) /7L ] is bounded.

3. [(LK) /(LSL® ?ll_] is bounded.

Proof. (1) = (2),

let {Lxy }!JEN be a LK-d- frame, then there exists 4 = 0 such that

mn
2 = I AP
A (LEY =||* = m}ﬂm Zl|{xa L) |

n
4

m.n
= ml.ht—ral-:u Zl |{L % %)

1 Ea
= |I5Z (L*x)]1* . ]
Hence, [(LK)"/8ZL" Tis bounded.

(2) = (3), ]
let [(LE)"/SZL" 1is bounded, then there exists B = 0 such that

. 1 .
ILEYxll- = B|IST (L*x)||*.vx € H.
So

1 1 1
IEsLYTxl? = (@se e s, (Lst)z x)
= ((LSL" )x, x} = (SL°x, L*x)

1 |
= 1||$ (L)1
= 2 LK) x|,

1
Hence, [(LK)"/(LSL" )] is bounded.
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7
\0

{
\

(3)= (1), ]
let [(LE)"/(LEL" )7] is bounded. Then there exists B = 0 such that

n ] "
ILEYx]|? < B|(LSL)Z x|® .wvx € K

Let
mLR g )
dm, ) el = Jim ) ey
=1 1j=1
1 -
= |87 {L'x}lll‘ 1
- (;ST(L‘x}, ST [L'x}}
= {(LSL* Jx, x}

1
because L& L" s positive and self adjoint, its square root exists and it is denoted by (LSL™ )%
Hence,

mn . 1 1
. . = - T 2 = .2 .
"EE’!’“ZI |, L) = 1I(LSL)Z x])* = 5 (LK) =]

Hence, (L }!J'EN be a LK-d- frame for H.
Corollary 2.10. Let {x’j}!jENbe a d- frame for X and let K € B(H). Then the following are equivalent:

1 {Kx’f}!jEN be a K-d- frame for }.
1
2. [£°/57] is bounded.

Lemma 2.11. Let {x’i}!jEN be a K-d-frame and a Bessel sequence {y’i}!jEN be K-d-dual of {x’j}!jEN, then

{xy }!J'EN and by }!J'EN are K-d-frame and K~ -d-frame respectively.

Proof. We know that
mMn

Fx = .-;HE,'.H (. Z‘r’z_,-‘}x!_,-' .Y reH.
=1
m.R 2
= 1 _ .
K=l = (K Ko = |( tim Z (. y ). Kx)
=
mn mn
< Jim D (el tim D (x|
=1 =1
S

ma—20

< lim z |(x. v;)|” BIKx]?
=1

mn
k=) < B lim Z1 (v} .
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where B is an upper bound of {x’j}!jEN. This implies, {}?’j]!jEN is a K -d-frame. For lower bound, we take

Tt 5

L

KF'x = lim E (x x5y YxeH
=t

and repeat the above process for K.

We give the relation between optimal bounds of £-¢-frame and its K-d-dual.

Theorem 2.12. Let K be a closed range operator and let {x!"}!JEN be a K-d-frame for 2 with optimal bounds 4 and

E respectively and also by ’j]!jEN be a K-d-dual of {x”}!JEN with optimal bounds € and D respectively. Then,
1
Czzadl 23,
Proof. Applying Lemma 2.11,
m.R

1 . . 2
E"Kx"‘ = ullfmz: Hx,_}?!j-}l Y x e H.

1j=1
This implies
1
C=z2
Similarly
R
1 ® 2 . 2
E"H =I* = m%}g-':a Zl Hx’ x!j'}l Vx e H.
This implies
D23

We obtain the following result of equality for K-d-frame and its dual.

Theorem 2.13. Let K e B{H) and {x"'}!jEN be a K-d-frame for H and {y”]u'EN be a K-d-dual of {x"}!jEN, then for

Ziil- .
every bounded sequence of complex numbers { "’]!JEN

F4

D, = tevs) o) = (1D 25 () xg

1jeN 1jeN

"
F4

= zil‘fu‘} m{f{ixg} - Z{l—z!;]{x,y!j}x!j Wx e,

1jeN 1jeN

Proof. Let {x”}!jEN be a K-d-frame for H {y’;}!jEN be a K-d-dual of {xy }!J'EN and consider the operators

Ux = z z!j{x,y!j}x!j 2 P_'.\'.’: z (l—z!jj-{x,y!j}x!j ,1‘.'-‘".-'(.' e H;

1jEN 1jeN

we have V. + V = K.
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n
F

z zglx vy ) (Ko ) — =

1jeN 1jeN

( ) —{ Ux, Ux)

= z {H'z!j{x, J’!j}x!j, xy — (U " Ux, x)
1jeN
{K*Ux, xp— (U Ux, x)
(K" — L") Ux, x}
V' Ux, x})
(V'K —V)x, x}
V'Ex, x) — (V'V x,x)
{x, K’V xy — ||Vx|*

|
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