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Introduction

The sums of squares, triangular numbers and divisor sums are used in the representations of the
sequential integers.

The sum of divisors is connected to the partitions function (see, Andrews et al. (2022), Berndt (1994),
Grosswald (1984, 1985)). On the other hand, sum of divisors function in terms of colour partitions are
studied in the researches of various authors (for example, Lopez-Bonilla et al. (2021), L6opez-Bonilla
and Morales-Garcia (2022), Lo6pez-Bonilla and Yaljd Montiel-Pérez (2021)). The following
recurrence relation due to Ramanujan is given in (Berndt (1994)) as

(L.1) nP(n) =%_,o(i)P(n— 1’}’

where, @(n) be the sum of divisors of 7, and P(1) the number of unordered integer partitions of 7.
Recently, in (Lopez-Bonilla et al. (2021), Pathan et al. (2022), Shattuck (2017)) the authors have
investigated some properties and identities for the (exponential) incomplete Bell polynomials or

partial Bell polynomials BplX1, o Xpmges1) through a generating function
oo ' oo t-'rl'
(1.2) exp [Eizl X T_.] = Eﬂzk Eﬂ,ifc(x:h " xﬂ—ifc+:l) oy k= 0.

Pathan et al. in (2022), the partition function p(n) is written in terms of @m(k), the number of

partitions of ™ using (possibly repeated) parts that do not exceed k.
In view of the importance and usefulness of the Ramanujan's sum (1.1), we generalize this result.

Further, our aim is to discuss and exhibit polynomial expressions for the arithmetic functions ri(n)
and x(n), the number of representations of ™ as a sum of % squares and X triangular numbers,
respectively, and also for the color partitions Pi(n).
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In our researches we make an appeal to the following theory and the formulae for exploring new ideas
in analytic and arithmetic number theory:

Preliminary theory and formulae used
Recently, Andrews et al (2023) have proved the following theorem:

Theorem 2.1. If F(q) and G(q) are two analytic functions of @ for | @1 <1, with the values
F(0)=1, 6(0) =0, sych that

d
21) 9%'°8F@ =6 (F@)* =57, fin)q", 6(a) =T, 9nq"-
Then there exists following sequence of functions

k )

(2.2) filn) = T E;}:;[ g; fieln—j),

— (—uf
(23) 95 =" " Tiey 5 (i) Fx(m)
The relation (2.3) is the inversion of (2.2) with respect to the sequence {@xJ.
It is remarkable that when we set & =1 in (2.2), it becomes the result due to Ramanujan (1.1).
We apply Theorem 2.1 on introducing a logarithmic function of the Mittag-Leffler function E.(2),

(see in Mathai and Haubold (2008, p. 80)) defined as

(2.4) Ea(2) = Xi=o Mak+1)’ Va,z €C, R(a) = 0.

and the density integral formula given in (Chandel et al. (1992))

i am i{n—s)x _ 1, n =5
(2.5) Zﬂj” ¢ dx = [{L n# s.

In the present paper, our aim is to invert (2.2) for the sequence {f x(n)} by appropriately expressing
the coefficients of {f k(n)} involving the partial exponential Bell polynomials (Comtet (1974),
Cvijovic (2011), Pathan et al. (2022), Shattuck (2017)). These results are in harmony with the
relations of the formulae of Jakimczuk (2022). The Sec. 4 contains applications of such familiar
arithmetic functions like Tx(n) and £x(m), the number of representations of ™ as a sum of k
squares and % triangular numbers, respectively (see in Grosswald (1984, 1985), Moreno, Wagstaff Jr.

(2006)), and also px(n), the number of color partitions of " (Lépez-Bonilla et al. (2021), Lépez-
Bonilla and Morales-Garcia (2022), Lopez-Bonilla and Yalja Montiel-Pérez (2021)).

Partial exponential Bell polynomials and summation formulae

In this section, we apply the results and formulae (2.1)-(2.3) of the Theorem 2.1. Further using the
formulae (2.4) and (2.5), we obtain various summation formulae and the coefficients in terms of
partial exponential Bell polynomials (see, Cvijovic (2011), Pathan et al. (2022), Shattuck (2017)).
Theorem 3.1 If in the Theorem 2.1, the results (2.1)-(2.3) are followed, then there exists following
expressions

(3.1) a(n,m) == (g,)", n=1,

and

1 Ty 1! 2! (n—m—j+1)!
3.2) a(n,m) = o (n—m)! E?=_1m (g )™ (j )}! Bn—m,j(z_ Gz, 783, re—— Q'ﬂ—m—_i"+2),
n=m+1l,

where, partial Bell polynomials Bynge(X1) o Bnie+1) are given by (1.2).
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Proof. Consider the results (2.2) and (2.3) and suppose that
fi(0) =1, k=0, fo(n) =8pn, o =0, then formula (2.2) shows that Fx(") is a polynomial of
degree ™ in k given by

(3.3) filn) =amn) kK +amn-DK+--+an2) ¥ +alnl)k, n=1

Now, to determine the coefficients @(r.m) in terms of the quantities 97 we assume that ¥ is a

am -
continuous variable in the polynomial (3.3). Then we apply 2" to the property £ = Zin=g filn) g

and after taking & = 0. we obtain

(34 T, m a(n,m)q* = (logF)™ = (Yo, £4™)™ = (91 9™ (Tiey ha )™,
_ _ mignl

ho =1, hy = (n+1)gy |

and then there exists

(logF)™ = (g:)™ T2y & L= (90" T2, Onom

(n—m)

(3.5)

In the results (3.4) and (3.5) apply the formulae of (Pathan et al. (2022), Shattuck (2017)) and find
that

(36) @y =1, Qnm = Ez—:[n (’?) ! Bﬂ—m,f{hl sha s e R4 ) n—mz=1,

and hence to get

[].l D=n=m-— '1_.
(g1" _
a(n,m) = n ! n=m,
(g™
(37) m! (n—m)! Qﬂ—m y M +1 =n

Therefore, applying the formulae (3.5)-(3.7) in the results (3.3) and (3.4) we are able to demonstrate
the coefficients of the polynomial (3.3) by the following expressions

(38) ﬂ{ﬂ'" ﬂ') = :_! (gi}ﬂ , M= 1 )

and
(3.9)
1 s T 1! 2! (n—m—j+1]!
a(n,m) = o ep—T E::im (g )™ (j )}! Bﬂ.—m,_;l'(? G20 7 830 Qn—m—j+z)J n=m+l.

Hence the Theorem 3.1 is followed.

Now by an appeal to the Theorems 2.1 and 3.1 we obtain that:

oo
Theorem 3.2. Consider (2.1) as &(2) = Xn=09n 2" and for all 7 EN%, N* = {2,34,.., L}, L <o
suppose that

(3.10) H(z) =log (e_fEé(z*l))

where Ea(.), is the Mittag-Leffler function ¥R (&) =0 defined in (2.4).
Also for all Z # 0 if the relation
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d
3.11) ZzHE@) =6(2) gyig,

then following series holds
oo n-m _ car—l L
Eﬂ.:[l E:L:um - Eic:i r{i—‘} .

(3.12)
Proof. Consider the function (3.10) due to Pathan and Kumar (2021)

H(z) =log (e'fEé(z*l)),

then in it use the formula due to Mathai and Haubold ((2008), p. 84) and make an appeal to (3.11) and
find that

._:1121;;_
zj—EH(z} = —r{ll.ijz G(z).
Ey (EF:]
(3.13) r
Again, on setting Z=0 in (3.10) and (3.13) and then comparing with the Theorem 2.1, we find

following initial values

L 1
H =l _EE T =[] — g & - —
. @], _,=log (E ;(z )) ,_o=0 F@ o= E (zr) | o=t

and )
=337} 1
6@, o= E i{r Lll)_ -

z=0

£ | =
¥

= H(0) =0, F(0) =1, G(0) =0 and hence all initial conditions given in (3.14) and of the Theorem
2.1 are followed.

Then making an appeal to the Eqn. (3.13) and the Theorem 2.1, we find

G()E ( 1) yr -7
= 1l 2r | = —_—
(3.15) r =ir(13)

oo £$ -1 21_:;

= %2090 2" Lo () Selr(ny)

r

Again, in left hand side of (3.15) apply the series rearrangement techniques and then in both of the
sides of its replace Z by Z€™Vx € (—%,%) and thus on multiplying both the sides by & . after
integrating both the side with respect to  from —@ to o, we get

(3.16)
- WL 1-3)- Ly AT og e —if(1=E)s)x
Eﬂ.:ﬂ :ggﬂ—mr[l—_p:_:jg_j’_mel[ﬂ—m[ r] Edexz kzlmg e {|: ] } .

k .
—1 =¥ 1 poo i_r.'—; x
= rc=1r—f;gj_m"3'( ) a.
Make an appeal to the formula (2.5) in both sides of (3.16) as on putting
s=2Vk =1234,..,r— L;r =2,345, ..

and
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n—m (‘l — 1) —s5=0=n= [3 +m (1 — 1)] ¥m=0,1234, .. where [x]

1" b

is the greatest integer
less or equal to X, we get

oo =5 p—1 =%
= —gdn—m T = Py T
(3.17) =0 Zm=0 r(1+2) k=1 r(3)
Therefore on equating like powers of Z in both of the sides of (3.17), we get the required result (3.12).

Hence the Theorem 3.2 is followed.

Corollary 3.1. If all conditions of Theorem 3.2 are followed, then for all ¥ = v,V € H* there exists a
summation formula
(3.18)

o Gn-0 o gn-d o Gn-2 o Gn-3 o Gnen 1 1 1
En:ﬂﬁ"'znzn F{1+,_~I.} + Y=o Fl:1+1—2.] + Y=o F(1+;3.JI LR I Y Fii‘*‘;} - l"_lilj-l_ F_I:q + +_1_r[‘;:|

v A v

Proof. For different values of 7 in (3.12), we apply the induction method to obtain the result (3.18).
1

In the result (3.12) suppose that ™ = 2. Thus we find ¥ =1 and hence due to (3.15), we have * ~ z.
Therefore we find a summation formula

w |80 gn-1 gn-2 gn-3 Fr—n
(3.19) . {“13' B R e riw‘?}
Sn-2

@ Gnl o On-i o ®  Gnm 1
—En:nﬁJrEﬂ:qufEn:quJr---+Eﬂ:ur{T§—@-

1z
In a similar manner of (3.19) for ™ =3, we find ¥ = 1,2 and hence * = 3’3
Therefore we have another summation formula

oo Sn-0 Sn-1 Sn-2 Sn-3 Sn-n
Eﬂﬂ{rm e N R R ) 1+;}

o Sn-0 oo an-1 oo An-2 oo Gn—3 oo An-n 1 1

= =—+E= + — + — +...+ — ﬁ=—1—+—2—.

Znzo 1 Znor (1) F Znm0 (g F Inmo ey P Beon g TR T Y

12 3
Further when ™ =4, we find ¥ =1,2,3 and hence © = 3’ 3’2. Therefore we find another summation
formula

oo Sn-0 Sn-1 Sn=-2 gn-3 Sn-n
Lo {Fii} + r[1+§}-;] + r[1+§j + r|:1+i-;] o r| 1+-; }}

1 1

_ e gn-0 oo an—-1 oo Sn-2 oo Sn-3 oo Sr—r _ 1

_En:EI rii}+Eﬂ:ur{1+3]}+Eﬂ:uw+zﬂznr[’\1+ﬂ+'"+Eﬂ=ﬂr 1+§-} r_g-i_r_liéi-'_ﬁ'
123 v—1

Soonwhen” =v,vE N* we findk =123, v—1andhence* =375 = >

Therefore, finally we find a summation formula

v

oo Gn-0 gn-1 gn-2 gn-3 Gn-n 1 1 1
_ + —+ + + .+ —F = + + et —=
(3.20) E”'”{m:' ri+g)  r(1+5) 11+ F{“?}} rz)  r(3) 5

By Eqgn. (3.20), we evaluate the required result (3.18).

Corollary 3.2. If all conditions of the Theorem 3.2 and the corollary 3.1 are followed, then for fixed
T = 2, there exists a summation formula

7,

on
e, L=
r
0,n=m

o o _ 1 Anm
(3.22) Y=o Ym=o Anm = V7" where
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Proof. Consider (3.19) for ¥ = 2,m = 0_We obtain that

(3.22) Y fm =ttt -t Ry =t Tt 0= T Aum=0,¥n2 1, m=0.
Again for™ = 2,m =1 we have

oo an-1 01 g1-1 g0-1 g1-1

: - + +0+ .. +0= 5" 4 Apm=0,¥n=2,m=1.
(23 Tl (el T(e) (1) (g
Forr=2,m =2 we have

oo Sr-2 20-2 g1-2 20-2 g1-2

a = + +0+ ..+0= + , =0,¥n=2m=2.
24y (]t () r(eeg | ey e

Similarly, for ¥ =2, =17 we have
o gnn _ 900 , &1 g0 , -1

_ =—+——7-+0+ . +t0==F%+ Apm=0,Vn=2,m=n
@25y DTy T ' r() @ (g e
Then by an appeal of the results from (3.22) to (3.25), we obtain the result (3.21).

Theorem 3.3. ¥M =1,2,3, ... » € N% if all conditions of the Theorem 3.2 are satisfied, then there
exists following result

ill'1 i!"r—l

_M M Ei E;_l
Eff1+---+kr-1£-‘cfrq:...icr_1! qu r{'i] !

T r

14 31 ?’(1‘%]
(3.26) Yt r(-3)

(= -1
where, Y% 2) = Jo &7t du gofines the incomplete gamma function.
Proof. Make an appeal to the Egn. (3.15) of the Theorem 3.2, we write

{e*G(2)}" =

=M L -1 M
(G2 = [51 (z?)] {i}+ +—1-} |
(3.27) T r(7) r(5)
Now in the right-hand side of (3.27) apply the formulae due to (Srivastava and Manocha (1984, p.
87)) and to (Mathai and Haubold (2008, Eqn. (2.2.11), p. 84)), we obtain the required formula (3.26).

Polynomials associated to T, pe(n) and ~ Ex(n)

In this section, we find applications of some of the familiar arithmetic functions Tx(n) and &x(m),
the number of representations of ™ as a sum of k squares and ¥ triangular numbers, respectively
(Grosswald (1984, 1985), Moreno, Wagstaff Jr. (2006)) and also to pi(n), the number of color
partitions of M (LOpez-Bonilla et al. (2021), Ldpez-Bonilla and Morales-Garcia (2022), Lépez-

Bonilla and Yalja Montiel-Pérez (2021)).

We consider that
oo 2 w 1—g"
(4.1) F@ =Y " =My 15

Thus due to Andrews et al. (2022), we get

(4.2) Fr=3" (-1)"r(n) q", Glq) =—2 Yo, nD(n)q",

1
where D(n) s the sum of the inverses of the odd divisors of 7 | that is, D(n) = Yoaq am 3 . and

Ti(n) is the number of representations of a positive integer 7 as a sum of ¥ squares, such that
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representations with different orders and signs are counted as distinct (Grosswald (1984, 1985), Lam-
Estrada and Lépez-Bonilla (2021), Moreno, Wagstaff Jr. (2006))

Therefore, we find that

43) fin)=(—-1)"rn), g,=—2nD(n)=ng,D(n), g;=-2.

Now apply (4.3) into (3.1)-(3.9) to get the expression
(4.4) riin) = i_' K"+ (—1)" E}‘:_ll a(n, j) kK,

such that
(4.5)

(_z}m —1 m - - -
a(n,m) = 2 ¥ (; );! By, (11 D(2),2! D(3), o (n —m — j+1)! D(n— m— j +2)),

The relations (4.4) and (4.5) generate polynomials in % for several values of 1, given by
ag n=2k  n@=2kk-1, 7@ =;kk-Dk-2)

re(4) =2 k[3(2k— 1) + k(k — D(k—5)), 74(5) = o k(k— 1)[3(2k —3) + k(k — ) (k — 5)],

ri(6) = % k(k—1)(k—2) |45+ (k—3)(k—4)(k—5)|,

8

1 el — 1)k — 2)(k — 3)(k* — 15k% +74k — 15), ...

(7)) =
Further consider
@7 Fl@=01i9x= M., (1—q").

Then in (4.7) apply the results due to Andrews et al. (2022) and obtain that
F* =37, m(n)q", G(q) == ¥, o(n)q",
where Px (1) is the number of partitions with % colors (Jakimczuk (2022), Lopez-Bonilla et al. (2021),

Lopez-Bonilla and Morales-Garcia (2022), Lopez-Bonilla and Yalja Montiel-Pérez (2021), Pathan et
al. (2022)) and @(n) is the sum of the divisors of 7 and hence to get

(4.8) fr(n) = pi(n), gn =—0ln) =g;o(n), gi=—1,
and the Egns. (3.1)-(3.9) imply the relation
(4.9) prln) = % k™ + E_?:_ii a(n j)i,
where,
(4.10)
-1)" m ! ! n—m—j+1)!
at,m) = = 57 (7) 1 B s (3 020, 5 03, 0 T2 o —m - +2),
which allows generate the following polynomials
1 1
peld) =~ k(k—1) (k—3) (k—14),  pu(5) =— = k (k—3) (k—6) (k% — 21k +8), ...
4! 5!

Further consider
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nint 13
F@=S,q 7 =TI, =112, (1+ @2 (- ¢

(4.12)

Therefore by Eqn. (4.12) and due to Andrews et al. (2023), we have
Fr=Y,tma",  G@=—%_, nT(n)q",

where tx(n) is the number of representations of 7 as the sum of ¥ triangular numbers, such that
representations with different orders are counted as unique, and

wry  TO=E, FEE=ly, (-nfe

Hence there exists

(4.14) fr(n) = ty(n). gn=—nT(n), g1 =1,
and from (3.1)-(3.9), we get

(4.15) ty(n) == kﬂ + E ﬂ(ﬂ i) ':C'?

where

(4.16)

aln,m) = !

e W (- 1}f( ) By ;(11T(2), 21 T(3), o (n —m — j +1)I T(n— m — j +2)),
generating the polynomlals
(4.17)

B =k ©(2)=s(k—1), 4(3)=2(K-3k+8), t(4) = =(k—1)(k* —5k+30),...

Remark 1. By making an appeal to the results of the Theorems 2.1 and 3.1, it is possible to deduce the
useful formulas

i 1 _
@18 D =08n nz1; aln—1) =7 (90)" 2g,, n=2,

1
ﬂ’{ﬂ’ﬂ' - 2-} = 3 (‘ﬂ Hjl (g }ﬂ 3 E(ﬂ—“-}l! (gi:}ﬂ—“ (32}2 1 n= 3J
and

1 1 . 1 -
aln,n—3) = ;0 (g)"* g+ e )" 9392+ g 9" ®(g2)°, nz4 ..

5211 gian—jn—-1-1), 0=l=n-1 n=1l.
Remark 2. With (3 1) and (3.3), it is immediate that

-1
(419) Zi= S - (i) fem) =—a(n, 1) + (-1)"n! Tl a(mj+1)s7 =—2 g,

aln,1) =

aln,n—1) ::T

because Egﬂ and the Stirling numbers of the second kind verify the property

stl=0, j<n.

Remark 3. Three interesting recurrence relations are obtained as

(420  Pen®) =T @D peln=J), Tkea(n) = Byg D) Tl =),
t+1(n) =X, () trln — ),
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where
0, j#ZBm+1),
a(j) = ~
(4.21) (—D™ j=706m+1), mo0, +1, +2,..
2, n=m*, m =1,
b(j) =11, n=>0
0, otherwise,

1, n =;—1{m+‘1)1 m =0,
0, otherwise,

0 -

which are immediate from the following result for any analytic function F(q), given by
(4.22)  “If (Flg))* = Yoo fim)a®  hen  frei(m) = E:::u F10) feln=1) s
In fact we have

(4.23) Yoo, firam) gt =FF i =FF = (% fim)q™)( T, frD ),
= Ef:u (E_?:u flU} fi'c(n _j)},

in accordance with (4.22). If F(g) = (@ @)e then fx(n) =pr(n) and fi(n) = pi(n) = aln) thus
1-g/

_—

— m -
(4.22) implies the first relation in (4.20); for F[-q}_nf=11+qi . Further, we obtain that
fim)=(—1)"r(n) and fi(n)=(—1)"b(n), so that (4.22) gives the second recurrence in

(4.20); and if F(@) =5 (1+ @) (1=0) oy frtn) = ta(n) and f1(n) = c(n) Therefore
(4.22) generates the third identity given in (4.20).
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